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We present a theory of the entanglement transition tuned by measurement strength in qudit chains
evolved by random unitary circuits and subject to either weak or random projective measurements.
The transition can be understood as a nonanalytic change in the amount of information extracted
by the measurements about the initial state of the system, quantified by the Fisher information.
To compute the von Neumann entanglement entropy S and the Fisher information F , we apply a
replica method based on a sequence of quantities S˜(n) and F (n) that depend on the n-th moments
of density matrices and reduce to S and F in the limit n → 1. These quantities with n ≥ 2
are mapped to free energies of a classical spin model with n! internal states in two dimensions
with specific boundary conditions. In particular, S˜(n) is the excess free energy of a domain wall
terminating on the top boundary, and F (n) is related to the magnetization on the bottom boundary.
Phase transitions occur as the spin models undergo ordering transitions in the bulk. Taking the
limit of large local Hilbert space dimension q followed by the replica limit n → 1, we obtain the
critical measurement probability pc = 1/2 and identify the transition as a bond percolation in the
2D square lattice in this limit. Finally, we show there is no phase transition if the measurements are
allowed in an arbitrary nonlocal basis, thereby highlighting the relation between the phase transition
and information scrambling. We establish an explicit connection between the entanglement phase
transition and the purification dynamics of a mixed state evolution and discuss implications of our
results to experimental observations of the transition and simulability of quantum dynamics.
I. INTRODUCTION
Quantum states with high degree of entanglement can-
not be efficiently emulated by classical computers and
may serve as a resource for quantum science [1]. A nat-
ural way to generate such states is to evolve a quantum
system under generic unitary dynamics, which gives rise
to extensive entanglement entropy for any subsystems [2–
6]. However, in realistic situations, the dynamics is also
subject to nonunitary evolution owing to local measure-
ments of system degrees of freedom (qudits), performed
either by an observer or spuriously by environment. Lo-
cal measurements generally destroy entanglement within
a quantum system as they project the measured qudits
onto a definite state, disentangled from the rest. This
naturally raises a question: how robust is entanglement
generation by unitary evolution against measurements?
Recent works presented numerical results as well as
general arguments suggesting that volume-law entangle-
ment in steady states may persist if the rate of mea-
surements is sufficiently small, while frequent enough
measurements above a critical rate drive a transition to
steady states with area-law entanglement entropy [7–13].
Despite this progress, an analytic framework to describe
the phase transition is still lacking. Such a framework is
needed in order to understand universal properties of the
two distinct dynamical phases and the nature of the tran-
sition between them. Does the phase transition belong
to a known universality class? How does the transition
affects physical properties that are more accessible and
∗ YB and SC contributed equally to this work.
relevant to experiments than entanglement entropy such
as probability distributions of certain measurement out-
comes? These questions are particularly important in the
context of current experimental efforts to demonstrate
computational advantages of quantum devices over clas-
sical computers. In such efforts, quantum systems are
interrogated both by a controlled measurement device
and by an uncontrolled environment, and the entangle-
ment transition may imply a change in the complexity of
the quantum dynamics they attempt to simulate.
In this paper, we address the above questions by devel-
oping a theoretical framework, in which an ensemble of
quantum circuits with measurements are exactly mapped
to a series of classical statistical mechanics models. Our
construction generalizes previous works on emergent clas-
sical spin models in random tensor networks and random
unitary circuits (RUC) [4, 14–18]. In particular, map-
ping to a statistical mechanics model has allowed to an-
alyze entanglement phase transitions in random-tensor
networks, which as we will see, are similar to the mea-
surement induced entanglement transition in quantum
circuits [16]. In the framework of random unitary cir-
cuits, such mappings allowed to understand the universal
features of entanglement growth and operator spreading
in a generic unitary time evolution [2–6]. The essential
difficulties in generalizing the existing approach to in-
clude measurements are related to the nonlinearity of the
process; one needs to normalize a many-body wavefunc-
tion after each projective measurement. Furthermore,
it is challenging to consider a typical behavior averaged
over different measurement outcomes, since their proba-
bilities are not independent of each other and depend on
the state history.
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FIG. 1. Random unitary circuit with weak measurements.
After each layer of unitary gates (blue boxes), a weak mea-
surement (orange box) is performed on every system qudit.
The red box indicates a strong projective measurement of an
ancilla qudit performed after an entangling unitary Rˆα.
In order to address these challenges, we find that it
is conceptually simpler to consider quantum circuits in
which every qudit is subject to weak measurement at ev-
ery time step, instead of ones with a set of randomly
distributed strong projective measurements. The weak
measurements are implemented by coupling the system
qudits to a set of ancilla qudits that are subsequently
measured by strong projective measurements as illus-
trated in Fig. 1. The strength of measurement is tuned
by the strength of the coupling between the system and
the ancilla qudits. Later, we show that the case of ran-
dom projective measurements can be implemented as a
special case of this circuit. Hence, our results pertain to
random projective measurements studied in Refs. [7–11],
while they also generalize to the case of constant weak
measurement. Our main results are insensitive to this
detail.
II. OVERVIEW
Before proceeding, we provide a brief overview of the
main ideas and results of this paper. First, we present a
simple expression of the subsystem entanglement entropy
averaged over different measurement outcomes, which is
the quantity considered in previous works [7–11]. We
show how this quantity can be mapped to the excess free
energy originating from a domain wall in a classical spin
model, generalizing the analytic approaches introduced
in Refs. [4, 14–18], and explain the new insights and re-
sults obtained from this mapping.
Next, we identify another signature, or an “order pa-
rameter,” of the same transition, that is more relevant
for experiments. The new quantity offers an alternative
interpretation of the phase transition: a sharp change in
the amount of information that can be extracted by the
measurements about the initial state of the system (see
Fig. 2).
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FIG. 2. Signatures of the phase transition. (a) Growth and
saturation of entanglement entropy SA of a subsystem A (of
size NA). (b) Phase transition in the saturation value of SA
from volume- to area-law scaling. (c) Probability distribu-
tions P0 and Pθ of measurement outcomes arising from two
distinct initial states. (d) The phase transition is also seen in
the Fisher information, quantifying the amount of informa-
tion that the measurements carry about the initial state of
the system.
A. Replica method: conditional entropy
One of the main quantities considered in previous
works is the entanglement entropy of a subsystem A, av-
eraged over measurement outcomes and realizations of
the RUC:
〈〈SA(U)〉〉 ≡
∑
iM
piM (U)S [ρA(U , iM )]. (1)
Here, the index iM runs over all possible measurement
outcomes, piM (U) is the probability for the measurement
outcome iM , S [ρA(U , iM )] is von Neumann entangle-
ment entropy of A for a given measurement outcome iM
in a particular realization U of RUC, and overline denotes
averaging over the RUC U . By using weak measurement
formalism, we can rewrite this quantity in a simpler form
by extending the Hilbert space to include the subspace
M for ancilla qudits. That is, it exactly equals the con-
ditional entropy:
〈〈SA(U)〉〉 = S˜(A|M) ≡ S[ρ˜AM ]− S[ρ˜M ], (2)
where ρ˜X denotes the reduced density matrix of subsys-
tem X after ancilla qudits are projected onto their diago-
nal elements, i.e., measured in their computational basis
|iM 〉: ρ˜ =
∑
i |iM 〉 〈iM | ρ |iM 〉 〈iM |.
We employ a replica method in order to map the con-
ditional entropy in Eq. (2) to a classical spin model. Let
us define a series of objects enumerated by an integer n,
S˜(n)(A|M) ≡ log
(
tr ρ˜nAM
)− log ( tr ρ˜nM )
1− n , (3)
3from which the von Neumann conditional entropy
S˜(A|M) is recovered in the limit n→ 1. It is important
to note that S˜(n)(A|M) is not itself an average condi-
tional (Re´nyi) entropy, but it recovers its meaning only
in the replica limit. Note also that the n-th moments
of the replicated density matrices are averaged over U
now inside the logarithms. We will show S˜(n)(A|M) can
be interpreted in terms of free energies of classical spin
models in two dimension. The two dimensions arise from
the time, which in our convention flows from bottom to
top, and the space dimension on the original qudit chain.
Each classical “spin” degree of freedom arises from a ran-
dom unitary gate and may take as its value any one of
the n! elements of the permutation group Pn. For exam-
ple, the case n = 2 corresponds to Ising spins, where an
up/down spin maps to a trivial/swap element. Increas-
ing the measurement strength weakens the couplings be-
tween the spins, leading to a transition from a ferromag-
netic to a paramagnetic phase at a critical measurement
strength.
The generalized entropy S˜(n)(A|M) corresponds to the
difference between free energies that result from different
top boundary conditions. These boundary conditions are
arranged such that S˜(n)(A|M) describes the excess free
energy associated with a domain wall that runs in the
bulk and connects the two edges of the subsystem A at
the top boundary. The domain wall free energy scales
with the length of A in the ferromagnetic phase, which is
therefore identified with the volume-law phase, whereas
the free energy is of order one in the paramagnetic phase,
identified with the area-law phase. We note that en-
tanglement phase transitions in random tensor networks
were similarly interpreted in Ref. [16] as a change of do-
main wall free energies in an emergent statistical mechan-
ics model.
The classical spin model description allows to infer cru-
cial information about the transition. First, we obtain
an analytic approximation for the critical measurement
strength (or the measurement probability in the case of
random projective measurements). The spin model de-
scription greatly simplifies in the limit of a large local
Hilbert space dimension q for a qudit, where our model
maps to the n!-state standard Potts model on the square
lattice. On this lattice, we can obtain the critical cou-
pling strength analytically as a function of n and q us-
ing the Kramers-Wannier duality. Taking the replica
limit n → 1, we find a critical measurement probabil-
ity pc = 1/2. We note that the value of pc predicted in
this large-q approximation becomes independent of q in
the replica limit n → 1, the framework itself only holds
for large q. For a small local Hilbert space dimension
q = 2, we perform exact numerical simulations for up to
N = 30 qubits and obtain pc = 0.26± 0.02.
Furthermore, the mapping to an n!-state Potts model
allows to infer the universality class of the entanglement
transition in the limit q → ∞. Specifically, the parti-
tion function of the Q-state standard Potts model ap-
proaches that of bond percolation in the physical limit
Q→ 1. This is similar to the prediction made in Ref. [8]
that the special Re´nyi-0 entropy undergoes a percolation
transition. However, in our case, note that the bond
percolation transition in the von Neumann entanglement
entropy is limited to the case of infinite q.
B. Alternative signature of the transition
It is important to find the signatures of the phase
transition that are more accessible and relevant for ex-
periments than the conditional entanglement entropy.
In particular, measuring the conditional entanglement
entropy is extremely challenging, as it requires post-
selecting a particular combination of measurement out-
comes with occurrence probability exponentially small
in system sizes (both in space and time). Furthermore,
for each measurement outcome, estimating entanglement
entropy for the quantum state necessitates additional ex-
ponentially many repetitions of an experiment [19, 20].
Consequently, the operational meaning of the conditional
entanglement entropy is a priori not clear from an ex-
perimental point of view. A quantity with transparent
physical meaning is therefore needed.
The quantum circuit we consider involves measure-
ments. Hence, it is natural to seek the signatures of the
transition in the probability distribution (or histogram)
of measurement outcomes. Indeed, we show that there
is a sharp transition in the amount of information these
measurements contain on the initial state of the system,
quantified by the Fisher information. The Fisher infor-
mation can be derived from a closely related quantity,
the Kullback-Leibler (KL) divergence (also known as the
relative entropy). Given the two distributions P0(x) and
Pθ(x) of measurement outcomes obtained for two close
initial states of the system, the KL divergence averaged
over RUC is
DKL(P0||Pθ) =
∑
x
P0(x) log
(
P0(x)
Pθ(x)
)
. (4)
Here, θ parameterizes the distance between two initial
states. The variable x runs over all possible ancilla mea-
surement outcomes. The Fisher information is given by
the second order derivative:
F ≡ ∂2θDKL(P0||Pθ)
∣∣
θ=0
. (5)
Note that the first order derivative vanishes due to the
positivity of the KL divergence and the fact that it van-
ishes for θ = 0.
Using the replica method, we recover the KL diver-
gence and the Fisher information in the limit n → 1
from a series of auxilliary functions:
D(n)(P0||Pθ) ≡
log tr[ρ˜M,0 ρ˜
n−1
M,θ ]− log tr[ρ˜nM,0]
1− n , (6)
F (n) ≡ ∂2θD(n)(P0||Pθ)
∣∣∣
θ=0
. (7)
4Note that ρ˜M,θ denotes the diagonal density matrix of
ancilla qudits composed of the probability distribution
Pθ(x). We show that D
(n) maps to the excess free energy
associated with applying a field on the bottom boundary
in the same classical spin model derived for S˜(n). F (n) is
proportional to the probability of finding a certain subset
of spin values (out of the n! possibilities) on the bottom
boundary sites. Hence, the Fisher information under-
goes the same transition as the entanglement entropy.
Above the critical measurement rate, F reaches a max-
imal value, reflecting the fact that the measurement de-
vice can obtain, over a long enough measurement time,
maximal classical information on the initial state. Below
pc, the value of F starts to deviate from its maximum,
reflecting incomplete information on the initial state [see
Fig. 2(d)].
The transition in information flow can be understood
in terms of the natural quantum error correction imple-
mented by the unitary components of the quantum cir-
cuit [10]. In the volume-law phase, information scram-
bling by the unitary evolution hides information in non-
local degrees of freedom, thus protecting it from being
revealed by local measurements. The error correction
becomes ineffective if the measurement rate exceeds a
threshold, or if the measurements are capable of decod-
ing nonlocal correlations, as we show in this work.
The rest of this paper is organized in the following or-
der. In Sec. III, we introduce our RUC model with weak
measurements and elaborate on the generalized quan-
tities S˜(n) and F (n) as well as their relations to the
von Neumann entropy and the Fisher information. In
Sec. IV, we derive the mapping between RUC with weak
measurements and a series of classical statistical mechan-
ics models with various boundary conditions. Sec. V
is dedicated to discuss the nature of the phase transi-
tion for different n. We analytically compute the criti-
cal/threshold measurement strength in the large q limit
and identify the universality class of the phase transition.
Then, in Sec. VI, we slightly digress from our main topic
and discuss the absence of the phase transition in the
presence of measurements on ancilla qudits in an arbi-
trary nonlocal basis. Finally, we conclude with discus-
sions and outlook in Sec. VII.
III. RANDOM UNITARY CIRCUITS WITH
WEAK MEASUREMENTS
We consider an 1D array of N qudits undergoing ran-
dom unitary circuit evolution and weak measurements.
The unitary circuit consists of independent Haar random
q2 × q2 unitary gates acting on the nearest neighboring
qudits, each with local Hilbert space dimension q. While
not very important for our results, we assume a periodic
boundary condition for concreteness. The depth of the
circuit T corresponds to the discrete time of our model.
We are generally interested in the regime N,T  1. The
layout of the unitary gates is illustrated in Fig. 1.
After each layer of unitary gates, every qudit is weakly
measured. For each weak measurement, an ancilla qudit
with local Hilbert space dimension q′ is newly introduced
and coupled to the system qudit via an entangling uni-
tary gate Rˆα. While a specific choice of q
′ or Rˆα is not
very important for most of our results, we focus on a par-
ticular example, where an ancilla has q′ = q + 1 internal
states (enumerated by |i〉m with i ∈ {0, 1, . . . , q}), and
the coupling Rˆα takes the form of a controlled rotation:
Rˆα =
q∑
i=1
Pˆi ⊗ e−iαXˆi . (8)
Here, Pˆi = |i〉s 〈i|s is the projector onto one of the system
qudit states |i〉s (enumerated with i ∈ {1, 2, . . . , q}), α ∈
[0, pi/2] is a tunable parameter that controls the strength
of the weak measurement, and Xˆi = |i〉m 〈0|m+ |0〉m 〈i|m
is a generalized Pauli matrix that rotates the quantum
state of an ancilla between |0〉m and |i〉m. We assume
that every ancilla qudit is initially prepared in |0〉m. Fig-
ure 1 shows diagrammatic representations of weak mea-
surements.
The entangling gate Rˆα correlates the quantum state of
a system qudit with that of an ancilla qudit. For example,
after applying Rˆα with α = pi/2, the ancilla qudit state
becomes |i〉m if and only if the system qudit is in |i〉s.
Therefore, any strong, projective measurements of the
ancilla qudit in the computational basis |i〉m reveals the
quantum state of the system qudit. When α < pi/2, the
correlation between the system and ancilla qudit becomes
weaker, thereby a projective measurement of the ancilla
constitutes a weak measurement of the system qudit.
The weak measurement strictly generalizes projective
measurements. In fact, it can be easily shown that the
weak measurement with our choice of Rˆα (followed by
a projection in the computational basis) is equivalent to
a probabilistic, projective measurement. While the mea-
surement of |i〉m with i 6= 0 necessarily implies the system
qudit in |i〉s, the ancilla in |0〉m for any α < pi/2 reveals
no information about the system qudit. Therefore, the
measurement of |0〉m state corresponds to not performing
a projective measurement. This relation between weak
and projective measurements can be made precise by ex-
plicitly computing the density matrix of a system-ancilla
qudit pair after applying Rˆα followed by projective mea-
surements of the ancilla in the computational basis:
Nφ
[
Rˆα (ρin ⊗ |0〉m 〈0|m) Rˆ†α
]
=
(1− p)ρin ⊗ |0〉m 〈0|m + p
∑
i
PˆiρinPˆi ⊗ |i〉m 〈i|m ,
(9)
where Nφ[ρ] =
∑
i |i〉m 〈i|m ρ |i〉m 〈i|m is the dephasing
channel acting on ancilla that corresponds to the mea-
surement in the computational basis, ρin is the density
matrix of the system qudit before the weak measurement,
and p = sin2 α. We find that the resultant quantum
5channel is equivalent to that of performing a projective
measurement with the probability p. Furthermore, by
tracing over system degrees of freedom, one can obtain
the probability distribution of different measurement out-
comes (including whether or not the measurement has
been performed) from the diagonal components of the
ancilla density matrix.
When more than one system/ancilla qudits are con-
sidered, one can in principle apply a (potentially non-
local) unitary among the ancilla qudits before perform-
ing projective measurements. Such a procedure amounts
to probabilistically measuring multi-qudit correlations of
physical degrees of freedom. In our work, we first focus
on the simple local measurements in computational basis
in Secs. IV, V, until we lift this condition later in Sec. VI.
A. Entanglement entropy within the system
One of the central quantities of interest is entangle-
ment entropy within the system. More specifically, we
are interested in the entanglement between two comple-
mentary subsystems A and B, averaged over all possi-
ble measurement outcomes from the collection of ancilla
qudit M . Given a particular set of unitary gates U ,
and measurement outcomes iM , the system remains in
a pure state after time evolution, and the von Neumann
entropy S[ρ] ≡ − tr [ρ log ρ] of a subsystem characterizes
the amount of entanglement. Here, we consider its aver-
age behavior:
〈〈SA〉〉 =
∑
iM
piM (U)S[ρA(U , iM )], (10)
where · and 〈〈·〉〉 denote the averaging over U and over
measurements iM , respectively; ρX(U , iM ) is the nor-
malized reduced density matrix of the subsystem X for
a given pair of U and iM ; and piM (U) is the probabil-
ity associated with a particular outcome iM for a given
U . For a system of N qudits with RUC of depth T , the
measurement outcome iM from a set of ancilla qudits is
enumerated by a string of q′ outcomes of length NT , i.e.,
iM ∈ (Zq′)⊗NT , which encodes both different position-
ing of projective measurements and their outcomes. Here
and below, we simplify our notations by omitting the ex-
plicit dependence of ρA and piM on U whenever unam-
biguous, using SX to denote S[ρX ] for any subsystem X,
and adapting a bold symbol for any indices running over
exponentially many possibilities, e.g. basis states |iM 〉,
|jA〉 or |kB〉 for subsystems M , A, or B, respectively.
One of the nice properties of the weak measurement
formalism is that it allows to rewrite the average over
measurements 〈〈SA〉〉 in a simple form that only depends
on the global density matrix of the system-environment
combined without any averaging. Consider the global
density matrix ρ˜ABM in an extended Hilbert space that
results from the RUC with given U and a set of couplings
Rˆα followed by the dephasing Nφ without projecting onto
any particular outcome,
ρ˜ABM =
∑
iM
piM |Ψ(U , iM )〉 〈Ψ(U , iM )| ⊗ |iM 〉 〈iM | ,
where |Ψ(U , iM )〉 is a normalized pure state of the system
for a given pair U and iM . Then, 〈〈SA〉〉 is exactly the
conditional entropy of A on M :
〈〈SA〉〉 = S˜(A|M) ≡ S˜AM − S˜M , (11)
where S˜X indicates that the corresponding entropy is
computed from a reduced density matrix ρ˜X in the ex-
tended Hilbert space, i.e., S˜X ≡ S[ρ˜X ]. We note that ρ˜X
is diagonal in the measurement basis of the ancilla qu-
dits. This relation is valid for any U (before averaging)
and can be easily derived from explicit expressions:
S˜AM = −
∑
iM
tr (piMρA,iM log piMρA,iM ) , (12)
S˜M = −
∑
iM
piM log piM , (13)
where we use ρA,iM to denote ρA(U , iM ). We note that
Eq. (11) holds only when von Neumann (or Shannon)
entropy is used as the entropy measure, and the reduced
density matrix ρ˜AM is block-diagonal in the basis |iM 〉.
In our case, the latter is satisfied owing to the dephas-
ing channel Nφ, which enforces the measurement in the
computational basis.
Equation (11) greatly simplifies our problem since the
conditional entropy S˜(A|M) can be evaluated without
explicitly computing entanglement entropies for different
measurement outcomes. However, exact computation of
S˜(A|M) for any given U is still a formidable task. For
this reason, we introduce a series of closely related quan-
tities, the n-th conditional entropies, that are more ac-
cessible for analytic calculation and recover S˜(A|M) av-
eraged over U in the limit n → 1. For any n ≥ 1, these
objects are defined as
S˜(n)(A|M) ≡ S˜(n)AM − S˜(n)M , (14)
with
S˜
(n)
X ≡
log tr ρ˜nX
1− n . (15)
While S˜(n)(A|M) quantifies the amount of the entangle-
ment between subsystems A and B, it does not corre-
spond to the Re´nyi conditional entropy. Instead, this
object measures the n-th moment of the entanglement
spectrum, weighted by the n-th power of the measure-
ment outcome probability:
S˜(n)(A|M) = 1
1− n log
( ∑
iM
pniM tr ρ
n
A,iM∑
iM
pniM
)
. (16)
For a larger n, the averaging is more strongly weighted
by relatively more likely measurement outcomes. A sharp
6change in the behavior of S˜(n)(A|M) signifies a qualita-
tive change in the entanglement spectrum in its n-th mo-
ment. It is also worth noting that analytically evaluating
S˜(n)(A|M) is much easier than S˜(A|M) as the average
over U is taken inside the logarithm and S˜(n)(A|M) only
depends on the n-th moment of the system-ancilla den-
sity matrix.
Crucially, the average von Neumann conditional en-
tropy is recovered in the limit n→ 1
S˜(A|M) = lim
n→1
S˜(n)(A|M). (17)
This follows from the analytic relation tr[ρ log ρ] =
limn→1(n− 1)−1 log tr ρn. In Sec. IV, we show that both
S˜
(n)
AM and S˜
(n)
M (with n ≥ 2) exactly map to the free ener-
gies of classical spin models with n! internal states with
different boundary conditions (up to a constant factor
n−1), which reduce to the n!-state standard Potts mod-
els in the limit q → ∞. We investigate their behaviors
in various parameter regimes and show their implications
to the average conditional entropy S˜(A|M) in the inter-
esting physical limit n→ 1.
B. Kullback-Leibler divergence and Fisher
information from measurement outcomes
We now introduce another signature of the phase tran-
sition in the quantum circuit, which is motivated by the
interpretation given in Ref. [10]. There, it was argued
that the entanglement phase transition can be under-
stood from the perspective of quantum error correction:
in the volume-law phase, the scrambling of information
by the unitary gates protects quantum correlations from
sparse local measurements, thereby providing a natural
error correction mechanism. At higher rate of measure-
ment, this mechanism fails, and information encoded in
the circuit is no longer protected from measurements.
Thus, we expect that there is a sharp difference across
the phase transition in the amount of information that
can be gained from local measurements about the state
of the system.
Here, we utilize the Fisher information [21] as a mea-
sure of how much information about a system flows into
the ancilla degrees of freedom. Fisher information char-
acterizes how much information a set of observables carry
about an unknown parameter, and it can be derived from
the closely related Kullback-Leibler (KL) divergence. For
example, consider an observable X drawn from a proba-
bility distribution P (x; θ) that depends on an unknown
parameter θ. If θ is perturbed away from its original
value θ0 (without loss of generality, we set θ0 = 0), the
probability distribution for X also changes. Then, one
can quantify the amount of the information about θ car-
ried in X by measuring how distinct the new distribution
Pθ = P (x; θ) is from its original P0 = P (x; 0), using the
KL divergence
DKL(P0||Pθ) ≡
∑
x
P0(x) log
(
P0(x)
Pθ(x)
)
. (18)
The Fisher information is defined as the second order
derivative
F = ∂2θDKL(P0||Pθ)
∣∣
θ=0
. (19)
The KL divergence cannot be negative and vanishes if
and only if P0 = Pθ, which implies that the first order
derivative generally vanishes at θ = 0.
In our model, we are interested in the Fisher infor-
mation carried by a set of measurement outcomes iM
about the initial quantum state of the system. For sim-
plicity, we assume that the system is initialized in either
one of two nearby product states, |Ψ0〉 = |ψ0〉⊗N and
|Ψθ〉 = δU(θ) |ψ0〉⊗N with local perturbation δU(θ). The
parameter θ characterizes the strength of the perturba-
tion. For concreteness (and without loss of generality),
we consider the perturbation δU(θ) = e−iXˆ1θ with θ  1
applied to a qudit at position x0, where Xˆ1 is the gener-
alized Pauli matrix in Eq. (8).
Consider two systems with initial states |Ψ0〉 and |Ψθ〉
that evolve with identical circuits. We examine the KL
divergence averaged over U :
DKL(P0||Pθ) ≡
∑
iM
p0,iM (T ) log
(
p0,iM (T )
pθ,iM (T )
)
(20)
= tr [ρ˜M,0 (log ρ˜M,0 − log ρ˜M,θ)], (21)
where ρ˜M,θ is the reduced density matrix of ancilla qu-
dits for a given U and the initial state |Ψθ〉. Note that
ρ˜M,θ is a diagonal matrix, whose elements denote the
probabilities for different outcomes pθ,iM .
A few remarks are in order. First, DKL(P0||Pθ) is
only a function of the local perturbation strength θ and
time T due to the averaging over random unitary gates.
Hence, we simplify our notation by using DKL(θ, T ) be-
low. Second, when θ = 0, the two initial states coincide,
so DKL(0, T ) = 0 at all time. However, for any θ 6= 0,
one expects that DKL(θ, T ) would generally grow over
time as two initial states should be better distinguished
by more accumulated measurement outcomes. Indeed, it
can be shown that DKL(θ, T ) is a nondecreasing function
in time, using the monotonicity of relative entropy [22–
24]. Interestingly, we will show in Sec. IV that in our
model DKL(θ, T ) cannot grow indefinitely, but rather ap-
proaches a finite saturation value; a nonanalytic change
in the saturation value at long time signifies the phase
transition. Finally, we note that the Fisher information
can be directly extracted by computing the second order
derivative in θ.
Similar to the case of the average von Neumann en-
tropy, direct calculations of DKL(θ, T ) is a formidable
task. Once again, we use the replica method and intro-
duce closely related quantities, the n-th divergence and
7the n-th Fisher information, based on the n-th moment
of ρ˜M,θ:
D(n)(θ, T ) ≡ log tr[ρ˜M,0ρ˜
n−1
M,θ ]− log tr[ρ˜nM,0]
1− n (22)
F (n)(T ) ≡ ∂2θD(n)(θ, T )
∣∣∣
θ=0
. (23)
The KL divergence and the Fisher information can be
obtained via the analytic relations:
DKL(θ, T ) = lim
n→1
D(n)(θ, T ), F(T ) = lim
n→1
F (n)(T ).
(24)
We will show that D(n) also maps to the difference of
free energies of the same classical spin models as those
for S(n) with two different bottom boundary conditions,
and F (n) is proportional to the density of spins coupled
to a boundary field (closely related to boundary magne-
tization) at the bottom boundary.
IV. MAPPING TO SPIN MODELS
In this section, we develop a mapping between the
RUC with weak measurements and a series of classical
spin models. Within this mapping, the generalized quan-
tities S˜(n) and D(n) for integer n ≥ 2 are related to free
energies of 2D classical spin models. The distinction be-
tween the two is only in the boundary conditions im-
posed on the top and bottom, while the bulk spin model
remains the same. This implies that the two quantities
detect the same phase transition.
Our mapping builds on earlier works in which the n-th
moment of a density matrix evolved by a random unitary
circuit is mapped to the partition function of a classical
spin model with n! states [2, 17, 18]. Similar emergent
classical spin models have been also studied in random
tensor networks [14–16]. Our mapping generalizes these
works by incorporating projective measurements of an-
cilla qudits.
An essential building block for calculating both the
generalized entropies S˜(n) in Eq. (14) and the generalized
KL divergences D(n) in Eq. (22) is the n-th moment of a
density matrix:
µ
(n)
AM = tr [ρ˜AM,1ρ˜AM,2 · · · ρ˜AM,n] . (25)
Here, ρ˜AM,i is the reduced density matrix of the ancilla
qudits M together with a subsystem A obtained from the
evolution of an initial state |Ψi〉 of the system. The form
of the quantity in Eq. (25) is sufficiently general to cover
the calculation of both S˜(n) and D(n). In the former,
we take all |Ψi〉 to be identical. In the latter, we take
the subsystem A to be an empty set, while the ρ˜AM,i are
evolved from the initial state |Ψ0〉 or |Ψθ〉 as dictated by
Eq. (22).
Random unitary circuits Classical spin models
tr ρnAM Z(n)AM
− log tr ρnAM F (n)AM
S˜(n)(A|M) (F (n)AM − F (n)M )/(n− 1)
D(n)(P0||Pθ) (F (n)M,θ − F (n)M )/(n− 1)
F (n) 2〈m↓1〉/(n− 1)
TABLE I. Dictionary of the mapping between RUC with weak
measurements and classical spin models. On the left column,
S˜(n), D(n), and F (n) are generalized entropy, the divergence of
probability distributions, and Fisher information that identify
the phase transition, respectively. On the right column, Z(n)
and F (n) denote the partition function and the free energy
of a classical spin model under a certain boundary condition
specified by their subscripts. 〈m↓1〉 denotes the probability
that a spin at position r = (x0, 1) belongs to the down-type
(see the main text).
The essence of our mapping is the identification of the
n-th moment with a classical partition function
µ
(n)
AM = Z(n)AM , (26)
where Z(n)AM is the partition function of a classical spin
model with n! internal states:
Z(n)AM =
∑
{σr}
W ({σr}). (27)
Here, σr is a classical variable at r = (x, t) that may take
n! different values, W ({σr}) is the Boltzmann weight
given the spin configuration {σr}. Depending on the
choice of the n-th moment µ
(n)
AM , the partition function
Z(n)AM is evaluated with different boundary conditions.
The top boundary condition of the spin model is de-
termined by the choice of subsystem A. The bottom
boundary condition depends on initial states of the den-
sity matrices. For example, when ρ˜AM,i have the same
initial states, i.e., |Ψi〉 = |Ψj〉 for any i, j, the spin model
has an open boundary condition at the bottom. When
ρ˜AM,i have the distinct initial states, the spin model ex-
hibits a boundary “magnetic” field at the bottom bound-
ary. Using this mapping, S˜(n) and D(n) are mapped to
the free energy cost of exciting a domain wall at the top
boundary and applying a magnetic field at the bottom
boundary, respectively. A dictionary of the mapping is
provided in Tab. I.
Before we present any technical details, we provide the
outline of the mapping. Our mapping consists of two
steps. In the first step, we consider the n-th moment
that involves n copies of density matrix ρ˜AM,i. We note
that the n copies of the density matrix is an n-th order
monomial of random unitary gate U and its conjugate U†.
By averaging over the unitary gates, we rewrite µ
(n)
AM as
a sum of terms labelled by two emergent spin variables
σ and τ , each living on one of the two honeycomb sub-
8lattices:
µ
(n)
AM =
∑
{σr,τr′}
W ({σr, τr′}), (28)
where W ({σr, τr′}) is the weight associated with a given
spin configuration {σr, τr′}. We perform this calculation
by utilizing a tensor network representation of µ
(n)
AM and
present an explicit expression for W . At this point, the
weight W ({σr, τr′}) is not always positive, and the r.h.s.
of Eq. (28) cannot be interpreted as the partition function
of a spin model. In the second step of the mapping, we
resolve the negative weight in two different cases. In the
case of n = 2, the negative weight W ({σr, τr′}) can be
removed by integrating out τ variables (or alternatively
σ variables). The resultant expression can be interpreted
as the partition function of a 2D classical Ising model on
a triangular lattice. In the case of n ≥ 3, integrating out
τ variables is not sufficient, and we further consider the
limit of large Hilbert space dimension q. For a sufficiently
large but finite q, the weights in Eq. (28) become positive,
and µ
(n)
AM can be interpreted as the partition function of
a spin model with n! internal states on a 2D triangular
lattice. In the limit q → ∞, this model further reduces
to the n!-state standard Potts model on a square lattice.
In what follows, we provide the details of the above
procedure, starting from the simplest example S˜(n) with
n = 2. Its modification for D(n) and the generalization
for n ≥ 3 are straightforward and will be discussed in
detail later in this section.
A. Mapping between purity and partition function
of classical Ising model
Here, we explicitly show that the average purity
µ
(2)
AM = tr ρ˜
2
AM for a subsystem AM maps to the partition
of a 2D classical Ising model under a certain boundary
condition. We will pay close attention to how the par-
tition function of the classical Ising model depends on
various parameters of the original model such as the lo-
cal Hilbert space dimension q of the system qudits and
the measurement strength α ∈ [0, pi/2]. We first discuss
the mapping of S˜(2) and elaborate on how the boundary
conditions for the spin model depend on the choice of the
subsystem A. Once the relationship between the purity
and the partition function is established, we will discuss
how the boundary conditions are modified for the calcu-
lation of D(2). Recall that we choose A to be the empty
set when computing D(2). Generalization of the map-
ping to S˜(n) and D(n) for n ≥ 2 is deferred to Secs. IV B
and IV C.
The first step of our derivation is to rewrite the second
moment (purity) using the swap technique:
µ
(2)
AM = Tr
[(
C(2)A ⊗ I(2)B ⊗ C(2)M
)
(ρ˜ABM ⊗ ρ˜ABM )
]
,
(29)
where Tr represents tracing over a 2-fold replicated
Hilbert space for ABM , C(2)X =
∑
iX ,i′X
|iX〉⊗|i′X〉 〈i′X |⊗
〈iX | is an operator that swaps the quantum states of the
subspace X between two copies, and I(2) is the iden-
tity operator. Each copy of the quantum state ρ˜ABM is
generated from an initial product state |Ψ0〉 = |ψ0〉⊗N
by evolving it under identical RUC and weak measure-
ments (i.e., applying the coupling unitaries Rˆα followed
by dephasing of every ancilla qudit). Eq. (29) rewrites
a nonlinear function of the density matrix (on the left
hand side) as a linear expectation value of an operator in
an extended Hilbert space (on the right hand side). In
turn, this allows the tensor network (TN) representation
of µ
(2)
AM [see Fig. 3(a)]. Notice that the tensors are con-
tracted across the two different copies for the subsystems
A and M , reflecting the swap operators, while they are
connected within each copy for the subsystem B. For rea-
sons that will become clear below, we call the operators
O(2)top = C(2)A ⊗ I(2)B ⊗ C(2)M the top boundary operator.
Our next step is to perform averaging over random
unitary gates. Owing to their statistical independence,
we can average unitary gates separately. In our diagram-
matic representation, a tensor corresponding to each gate
U appears exactly four times: U and U† applied to the
bra and ket vectors of the system in two copies. We rear-
range the TN such that four identical tensors are placed
together [see Figs. 3(b) and 4(a)] and consider their joint
tensor T (2) defined as
T (2)ab;cd ≡ Ua1c1 ⊗ U∗b1d1 ⊗ Ua2c2 ⊗ U∗b2d2 , (30)
where each index on the right hand side represents a pair
of input or output qudits and therefore runs over d = q2
possible quantum states. Specifically, a ≡ (a1, a2) ≡
(a1,`, a1,r, a2,`, a2,r). Figure 3(b) inset shows the dia-
grammatic representation of Eq. (30).
For Haar random unitary gates, the average of T (2)
can be exactly computed using a property of unitary 2-
design:
T (2)ab;cd =
∑
σ,τ=±1
w(2)g (σ, τ)τˆabσˆcd, (31)
where σ, τ ∈ {±1} are classical Ising variables,
w(2)g (σ, τ) =
δσ,τ
d2 − 1 −
1− δσ,τ
d(d2 − 1) (32)
is a coefficient called the Weingarten function [25], and
σˆ and τˆ are tensors associated with the variables σ and
τ defined as
ξˆab =
{
δa1b1δa2b2 if ξ = +1
δa1b2δa2b1 if ξ = −1 . (33)
The diagrammatic representations of Eqs. (31) and (33)
are given in Fig. 4(d) and (e). Equation (31) plays the
central role in our mapping; practically, it implies that,
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A
<late xit sha1_b ase64="bUw DpLUDOK5Iy b5tGL5/9Zb JF7U=">AA AB6HicbVDL TgJBEOzFF+ IL9ehlItF4 IrtookeMF4 +QyCOBDZk demFkdnYzM 2tCCF/gxYP GePWTvPk3D rAHBSvppFL Vne6uIBFc G9f9dnJr6x ubW/ntws7u 3v5B8fCoqe NUMWywWMSq HVCNgktsGG 4EthOFNAo EtoLR3cxvP aHSPJYPZpy gH9GB5CFn1 Fipftsrlty yOwdZJV5G SpCh1it+df sxSyOUhgmq dcdzE+NPqD KcCZwWuqnG hLIRHWDHU kkj1P5kfui UnFmlT8JY2 ZKGzNXfExM aaT2OAtsZU TPUy95M/M /rpCa88Sdc JqlByRaLwl QQE5PZ16TP FTIjxpZQpr i9lbAhVZQ Zm03BhuAtv 7xKmpWyd1m u1K9K1fMsj jycwClcgAf XUIV7qEED GCA8wyu8OY /Oi/PufCxa c042cwx/4H z+AIu/jK0= </latexit>
B
<latexit s ha1_base64="AUpmQrOm dzqNB3Ng3BeNWBH1UgM= ">AAAB6HicbVDLTgJBE OzFF+IL9ehlItF4Irtoo keiF4+QyCOBDZkdemFk dnYzM2tCCF/gxYPGePWT vPk3DrAHBSvppFLVne6u IBFcG9f9dnJr6xubW/n tws7u3v5B8fCoqeNUMWy wWMSqHVCNgktsGG4Eth OFNAoEtoLR3cxvPaHSPJ YPZpygH9GB5CFn1Fipft srltyyOwdZJV5GSpCh1 it+dfsxSyOUhgmqdcdzE +NPqDKcCZwWuqnGhLIR HWDHUkkj1P5kfuiUnFml T8JY2ZKGzNXfExMaaT2O AtsZUTPUy95M/M/rpCa 88SdcJqlByRaLwlQQE5P Z16TPFTIjxpZQpri9lbA hVZQZm03BhuAtv7xKmp Wyd1mu1K9K1fMsjjycwC lcgAfXUIV7qEEDGCA8w yu8OY/Oi/PufCxac042c wx/4Hz+AI1DjK4=</lat exit>
M
<latexit s ha1_base64="oNd+WiKg ltpLawH8WT9g1uOJ2so= ">AAAB6HicbVDLSgNBE OyNrxhfUY9eBoPiKexGQ Y8BL16EBMwDkiXMTnqT MbOzy8ysEEK+wIsHRbz6 Sd78GyfJHjSxoKGo6qa7 K0gE18Z1v53c2vrG5lZ +u7Czu7d/UDw8auo4VQw bLBaxagdUo+ASG4Ybge 1EIY0Cga1gdDvzW0+oNI /lgxkn6Ed0IHnIGTVWqt /3iiW37M5BVomXkRJkq PWKX91+zNIIpWGCat3x3 MT4E6oMZwKnhW6qMaFs RAfYsVTSCLU/mR86JWdW 6ZMwVrakIXP198SERlqP o8B2RtQM9bI3E//zOqk Jb/wJl0lqULLFojAVxMR k9jXpc4XMiLEllClubyV sSBVlxmZTsCF4yy+vkm al7F2WK/WrUvU8iyMPJ3 AKF+DBNVThDmrQAAYIz /AKb86j8+K8Ox+L1pyTz RzDHzifP53vjLk=</lat exit>
A
<latexit s ha1_base64="bUwDpLUD OK5Iyb5tGL5/9ZbJF7U= ">AAAB6HicbVDLTgJBE OzFF+IL9ehlItF4Irtoo keMF4+QyCOBDZkdemFk dnYzM2tCCF/gxYPGePWT vPk3DrAHBSvppFLVne6u IBFcG9f9dnJr6xubW/n tws7u3v5B8fCoqeNUMWy wWMSqHVCNgktsGG4Eth OFNAoEtoLR3cxvPaHSPJ YPZpygH9GB5CFn1Fipft srltyyOwdZJV5GSpCh1 it+dfsxSyOUhgmqdcdzE +NPqDKcCZwWuqnGhLIR HWDHUkkj1P5kfuiUnFml T8JY2ZKGzNXfExMaaT2O AtsZUTPUy95M/M/rpCa 88SdcJqlByRaLwlQQE5P Z16TPFTIjxpZQpri9lbA hVZQZm03BhuAtv7xKmp Wyd1mu1K9K1fMsjjycwC lcgAfXUIV7qEEDGCA8w yu8OY/Oi/PufCxac042c wx/4Hz+AIu/jK0=</lat exit>
B
<latexit sha1_base64 ="AUpmQrOmdzqNB3Ng3BeNWBH1UgM=">AAAB6Hi cbVDLTgJBEOzFF+IL9ehlItF4IrtookeiF4+QyCO BDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBS vppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8 fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR 3cxvPaHSPJYPZpygH9GB5CFn1FipftsrltyyOwd ZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZw WuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzN XfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlBy RaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03B huAtv7xKmpWyd1mu1K9K1fMsjjycwClcgAfXUIV7 qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AI1 DjK4=</latexit>
M
<latexit sha1_base64 ="oNd+WiKgltpLawH8WT9g1uOJ2so=">AAAB6Hi cbVDLSgNBEOyNrxhfUY9eBoPiKexGQY8BL16EBMw DkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHj SxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/U Dw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1g dDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5 BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwK nhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIX P198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqU LLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZT sCF4yy+vkmal7F2WK/WrUvU8iyMPJ3AKF+DBNVTh DmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP53 vjLk=</latexit>
A
<latexit sha1_base64 ="bUwDpLUDOK5Iyb5tGL5/9ZbJF7U=">AAAB6Hi cbVDLTgJBEOzFF+IL9ehlItF4IrtookeMF4+QyCO BDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBS vppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8 fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR 3cxvPaHSPJYPZpygH9GB5CFn1FipftsrltyyOwd ZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZw WuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzN XfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlBy RaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03B huAtv7xKmpWyd1mu1K9K1fMsjjycwClcgAfXUIV7 qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIu /jK0=</latexit>
B
<latexit sha1_base64 ="AUpmQrOmdzqNB3Ng3BeNWBH1UgM=">AAAB6Hi cbVDLTgJBEOzFF+IL9ehlItF4IrtookeiF4+QyCO BDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBS vppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8 fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR 3cxvPaHSPJYPZpygH9GB5CFn1FipftsrltyyOwd ZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZw WuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzN XfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlBy RaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03B huAtv7xKmpWyd1mu1K9K1fMsjjycwClcgAfXUIV7 qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AI1 DjK4=</latexit>
M
<latexit sha1_base64 ="oNd+WiKgltpLawH8WT9g1uOJ2so=">AAAB6Hi cbVDLSgNBEOyNrxhfUY9eBoPiKexGQY8BL16EBMw DkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHj SxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/U Dw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1g dDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5 BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwK nhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIX P198SERlqPo8B2RtQM9bI3E//zOqkJb/wJl0lqU LLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZT sCF4yy+vkmal7F2WK/WrUvU8iyMPJ3AKF+DBNVTh DmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP53 vjLk=</latexit>
A
<latexit sha1_base64 ="bUwDpLUDOK5Iyb5tGL5/9ZbJF7U=">AAAB6Hi cbVDLTgJBEOzFF+IL9ehlItF4IrtookeMF4+QyCO BDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBS vppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8 fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR 3cxvPaHSPJYPZpygH9GB5CFn1FipftsrltyyOwd ZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZw WuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzN XfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlBy RaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03B huAtv7xKmpWyd1mu1K9K1fMsjjycwClcgAfXUIV7 qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIu /jK0=</latexit>
B
<latexit sha1_base64 ="AUpmQrOmdzqNB3Ng3BeNWBH1UgM=">AAAB6Hi cbVDLTgJBEOzFF+IL9ehlItF4IrtookeiF4+QyCO BDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBS vppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8 fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR 3cxvPaHSPJYPZpygH9GB5CFn1FipftsrltyyOwd ZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZw WuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzN XfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlBy RaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03B huAtv7xKmpWyd1mu1K9K1fMsjjycwClcgAfXUIV7 qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AI1 DjK4=</latexit>
M
<latexit sha1_base64="oNd+WiKgltpLawH8WT 9g1uOJ2so=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPiKexGQY8BL16EBMwDkiXMTnqTMbOzy8ysEE K+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo +ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNI IpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9b I3E//zOqkJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/Wr UvU8iyMPJ3AKF+DBNVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP53vjLk=</latexit>
N 
<latexit sha1_base64 ="E9HC52IT6N69dy0elgiEPsIZtEs=">AAAB+Xi cbVDLSsNAFL3xWesr6tLNYFFclaQKuiy4cSUV7AO aECbTSTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64 GBwzn3cs+cMOVMacf5ttbWNza3tis71d29/YND+ +i4o5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91w fFf43QmViiXiSU9T6sd4KFjECNZGCmzbi7EeEcz zh1ngpSMW2DWn7syBVolbkhqUaAX2lzdISBZToQn HSvVdJ9V+jqVmhNNZ1csUTTEZ4yHtGypwTJWfz5 PP0LlRBihKpHlCo7n6eyPHsVLTODSTRU617BXif 14/09GtnzORZpoKsjgUZRzpBBU1oAGTlGg+NQQT yUxWREZYYqJNWVVTgrv85VXSadTdq3rj8brWvCjr qMApnMEluHADTbiHFrSBwASe4RXerNx6sd6tj8X omlXunMAfWJ8/yiGTqw==</latexit>
N 
<latexit s ha1_base64="E9HC52IT 6N69dy0elgiEPsIZtEs= ">AAAB+XicbVDLSsNAF L3xWesr6tLNYFFclaQKu iy4cSUV7AOaECbTSTt0 Mgkzk0IJ/RM3LhRx65+4 82+ctFlo64GBwzn3cs+c MOVMacf5ttbWNza3tis 71d29/YND++i4o5JMEto mCU9kL8SKciZoWzPNaS +VFMchp91wfFf43QmVii XiSU9T6sd4KFjECNZGCm zbi7EeEczzh1ngpSMW2 DWn7syBVolbkhqUaAX2l zdISBZToQnHSvVdJ9V+ jqVmhNNZ1csUTTEZ4yHt GypwTJWfz5PP0LlRBihK pHlCo7n6eyPHsVLTODS TRU617BXif14/09GtnzO RZpoKsjgUZRzpBBU1oAG TlGg+NQQTyUxWREZYYq JNWVVTgrv85VXSadTdq3 rj8brWvCjrqMApnMElu HADTbiHFrSBwASe4RXer Nx6sd6tj8XomlXunMAfW J8/yiGTqw==</latexi t>
⇤
<latexit sha1_base64 ="+LHmSPOWExJD/V9Ko31rhlQLUKc=">AAAB6Hi cbVDLSgNBEOyNrxhfUY9eBoMiHsJuFPQY8OIxAfO AZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB0 0saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fF A+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY 3c381hMqzWP5YMYJ+hEdSB5yRo2V6pe9Ysktu3O QVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcB poZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyF z9PTGhkdbjKLCdETVDvezNxP+8TmrCW3/CZZIal GyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkU bAje8surpFkpe1flSv26VD3P4sjDCZzCBXhwA1W4 hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD2j jjJY=</latexit>
⇤
<latexit sha1_base64="+LHmSPOWExJD/V9Ko3 1rhlQLUKc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMiHsJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJ Av8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVK LjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pe9Ysktu3OQVeJlpAQZar3iV7cfszR CaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDve zNxP+8TmrCW3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe1flSv26 VD3P4sjDCZzCBXhwA1W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD2jjjJY=</latexit>
Copy 1
Copy 1
Copy 2
Copy 2
| 0ih 0| ⌦ | 0ih 0|
<latexit sha1_base64="ciCA1i7JRs MkIf6DD4vLmjlLJS4=">AAACMHichVDLSgMxFM34rPU16tJNsCiuykwVdFlwocsK 9gGdYcikmTY0kwxJRijTfpIbP0U3Coq49StMp7PQVvBCyOGcc7n3njBhVGnHebWW lldW19ZLG+XNre2dXXtvv6VEKjFpYsGE7IRIEUY5aWqqGekkkqA4ZKQdDq+mevue SEUFv9OjhPgx6nMaUYy0oQL7euw1FA0cTyLeZwR6rPhzFo6hJzSNiYL/+AK74lS dvOAicAtQAUU1AvvJ6wmcxoRrzJBSXddJtJ8hqSlmZFL2UkUShIeoT7oGcmSW8LP 84Ak8NkwPRkKaxzXM2Z8dGYqVGsWhccZID9S8NiX/0rqpji79jPIk1YTj2aAoZVA LOE0P9qgkWLORAQhLanaFeIAkwtpkXDYhuPMnL4JWreqeVWu355X6SRFHCRyCI3 AKXHAB6uAGNEATYPAAnsEbeLcerRfrw/qcWZesoucA/Crr6xsDsqja</latexit>
A
<latexit sha1_base64="bUwDpLUDOK5Iyb5tGL 5/9ZbJF7U=">AAAB6HicbVDLTgJBEOzFF+IL9ehlItF4IrtookeMF4+QyCOBDZkdemFkdnYzM2tCCF /gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftsrltyyOwdZJV5GSpCh1it+dfsxSyO UhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy9 5M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1K9K 1fMsjjycwClcgAfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIu/jK0=</latexit>
B
<latexit sha1_base64="AUpmQrOmdzqNB3Ng3B eNWBH1UgM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlItF4IrtookeiF4+QyCOBDZkdemFkdnYzM2tCCF /gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNg ktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftsrltyyOwdZJV5GSpCh1it+dfsxSyO UhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy9 5M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1K9K 1fMsjjycwClcgAfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AI1DjK4=</latexit>
⇤
<latexit sha1_base64="+LHmSPOWExJD/V9Ko3 1rhlQLUKc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMiHsJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJ Av8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVK LjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pe9Ysktu3OQVeJlpAQZar3iV7cfszR CaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDve zNxP+8TmrCW3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe1flSv26 VD3P4sjDCZzCBXhwA1W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD2jjjJY=</latexit>
⇤
<latexit sha1_base64="+LHmSPOWExJD/V9Ko3 1rhlQLUKc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMiHsJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJ Av8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVK LjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6pe9Ysktu3OQVeJlpAQZar3iV7cfszR CaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDve zNxP+8TmrCW3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe1flSv26 VD3P4sjDCZzCBXhwA1W4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD2jjjJY=</latexit>
U ⌦ U⇤ ⌦ U ⌦ U⇤
<latexit sha1_base64="47ImsSYMEwG+I68I6tW3RkWCxr w=">AAACDXicbVDLTgIxFO3gC/E16tJNI2oMCzKDJrokceMSEwdIYCCd0oGGTjtpOyZkwg+48VfcuNAYt+7d+TcWmPgAT9 Lk3HPuze09Qcyo0o7zaeWWlldW1/LrhY3Nre0de3evrkQiMfGwYEI2A6QIo5x4mmpGmrEkKAoYaQTDq4nfuCNSUcFv9Sgm foT6nIYUI22krn3ktYWmEVHQ66SlMfyuflin1LWLTtmZAi4SNyNFkKHWtT/aPYGTiHCNGVKq5Tqx9lMkNcWMjAvtRJEY4S Hqk5ahHJlFfjq9ZgyPjdKDoZDmcQ2n6u+JFEVKjaLAdEZID9S8NxH/81qJDi/9lPI40YTj2aIwYVALOIkG9qgkWLORIQhL av4K8QBJhLUJsGBCcOdPXiT1Stk9K1duzovVkyyOPDgAh+AUuOACVME1qAEPYHAPHsEzeLEerCfr1XqbteasbGYf/IH1/g XynJq+</latexit>
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FIG. 3. Tensor network representation of the purity tr [ρ˜2AM ]. (a) Two copies of the initial states |Ψ0〉 〈Ψ0| are evolved under
a RUC with weak measurements, before jointly contracted (or traced out). The asterisk (∗) indicates the complex conjugate
for the corresponding tensor. Notice the different connectivities for contracting the subsystems A, B, and M (blue and orange
lines). (b) The network can be rearranged in such a way that the top boundary contractions are simplified and that the identical
unitary tensors are brought together. Inset: four copies of a random unitary gate U ⊗ U∗ ⊗ U ⊗ U∗ forms a tensor T (2). The
combination of the coupling unitary Rˆα, dephasing gates Nφ, and the contraction of the ancilla qudits is denoted by M(2).
after averaging, each unitary gate in our TN can be re-
placed by a sum of simpler tensors labelled by the Ising
variables σ, τ ∈ {±1}. The corresponding tensors σˆ, τˆ
with σ, τ ∈ {±1} in Eq. (33) describe different ways to
pair up indices associated with bra/ket vectors.
Now, it remains to contract these tensors on the en-
tire network [Fig. 4(b)]. In particular, we need to incor-
porate the effects of weak measurements by contracting
tensors associated with ancilla quditsM(2) [Fig. 3(b) in-
set] with a pair of diagonally neighboring σˆ and τˆ tensors
[Fig. 4(f)]. As shown in Appendix A 1, these contractions
lead to the weight
w
(2)
d (σ, τ) =
{
q2 cos4 α+ q sin4 α if σ = τ
q cos4 α+ q sin4 α if σ 6= τ , (34)
where we recall that q and α denote the local Hilbert
space dimension and the measurement strength, respec-
tively. The dependence of w
(2)
d (σ, τ) on α distinguishes
our spin model from the previous result described in
Refs. [2, 17, 18], which is recovered when α = 0.
By applying Eq. (31) to every gate and Eq. (34) to
the contraction of the diagonally neighboring tensors, we
obtain an expression for the purity
µ
(2)
AM =
∑
{σr,τr}
WtopWbottom
∏
〈r,r′〉
w(2)(σr, τr′) (35)
that indeed looks like the partition function of an Ising
spin model. The sum is on all the configurations of
the pairs (σr, τr) of Ising variables arising from the uni-
tary gates at r = (x, t) in two dimension. The weights
w(2)(σr, τr′) are functions of nearest neighbor spin vari-
ables at 〈r, r′〉 in the network given by w(2) = w(2)d or
w
(2)
g depending on the orientation of the bond, i.e., the
Weingarten function w
(2)
g (σ, τ) is treated as the weight
for a vertical bond. The weights Wtop and Wbottom are
the contributions from boundary conditions.
At the top boundary, closed diagrams arise from con-
tracting τˆ tensors according to their appropriate bound-
ary conditions: qudit indices are connected across two
copies in the subsystem A and within each copy in the
subsystem B. According to Eq. (33), these contractions
are equivalent to introducing of a set of additional σˆ ten-
sors at t = T +1 with fixed values σx,T+1 = −1 for x ∈ A
and +1 for x ∈ B [Fig. 3(b)], leading to the top boundary
contribution 1
Wtop =
∏
x∈A
w
(2)
d (−1, τx,T )
∏
x∈B
w
(2)
d (+1, τx,T ). (36)
In fact, this equivalence is natural since a contraction
with σˆ represents evaluating the expectation value of an
identity I(2) (σ = 1) or swap C(2) (σ = −1) operator for
any state in a 2-fold replicated Hilbert space:
σˆab =
{
tr
(I(2) |a〉 〈b|) if σ = +1
tr
(C(2) |a〉 〈b|) if σ = −1 , (37)
and similarly for τˆ .
At the bottom boundary, σˆ variables are con-
tracted with tensors representing the initial state of
the system. Here, both copies are initialized in the
same product state |Ψ0〉 = |ψ0〉⊗N . In such a
case, tensor contractions lead to unity, independent of
the Ising variable since tr
(I(2) |ψ0〉 〈ψ0| ⊗ |ψ0〉 〈ψ0|) =
tr
(C(2) |ψ0〉 〈ψ0| ⊗ |ψ0〉 〈ψ0|) = 1 from Eq. (33). As a
result, Wbottom = 1.
1 When the position x is at the interface between A and B, one
needs to first decompose the index |a〉 = ∣∣a1,`, a2,`〉⊗|a1,r, a2,r〉
and use a different boundary condition for each qudit degree of
freedom.
10
A
<latexit sh a1_base64="bUwDpLUDOK5 Iyb5tGL5/9ZbJF7U=">AAA B6HicbVDLTgJBEOzFF+IL9 ehlItF4IrtookeMF4+QyCO BDZkdemFkdnYzM2tCCF/gx YPGePWTvPk3DrAHBSvppFL Vne6uIBFcG9f9dnJr6xubW /ntws7u3v5B8fCoqeNUMWy wWMSqHVCNgktsGG4EthOF NAoEtoLR3cxvPaHSPJYPZp ygH9GB5CFn1Fipftsrltyy OwdZJV5GSpCh1it+dfsxSy OUhgmqdcdzE+NPqDKcCZwW uqnGhLIRHWDHUkkj1P5kfu iUnFmlT8JY2ZKGzNXfExMa aT2OAtsZUTPUy95M/M/rpC a88SdcJqlByRaLwlQQE5PZ 16TPFTIjxpZQpri9lbAhV ZQZm03BhuAtv7xKmpWyd1m u1K9K1fMsjjycwClcgAfXU IV7qEEDGCA8wyu8OY/Oi/P ufCxac042cwx/4Hz+AIu/j K0=</latexit> B
<latexit sha1_base64=" AUpmQrOmdzqNB3Ng3BeNWBH1UgM=">AAAB6HicbVDLTg JBEOzFF+IL9ehlItF4IrtookeiF4+QyCOBDZkdemFkdn YzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9 f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgk tsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1 FipftsrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE +NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2 ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlBy RaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAt v7xKmpWyd1mu1K9K1fMsjjycwClcgAfXUIV7qEEDGCA8 wyu8OY/Oi/PufCxac042cwx/4Hz+AI1DjK4=</latexi t>
T (2)
<latexit sh a1_base64="Ycoar6+/Jdl k8tE55qRbHci+e8Y=">AAA B+nicbVDLSsNAFL2pr1pfq S7dDBalbkpSBV0W3Lis0Be 0sUymk3bo5MHMRCkxn+LGh SJu/RJ3/o2TNgttPTBwOOd e7pnjRpxJZVnfRmFtfWNzq 7hd2tnd2z8wy4cdGcaC0DY JeSh6LpaUs4C2FVOc9iJB se9y2nWnN5nffaBCsjBoqV lEHR+PA+YxgpWWhmZ54GM1 IZgnrfQ+qdbP06FZsWrWHG iV2DmpQI7m0PwajEIS+zRQ hGMp+7YVKSfBQjHCaVoaxJ JGmEzxmPY1DbBPpZPMo6fo VCsj5IVCv0Chufp7I8G+lD Pf1ZNZULnsZeJ/Xj9W3rWT sCCKFQ3I4pAXc6RClPWAR kxQovhME0wE01kRmWCBidJ tlXQJ9vKXV0mnXrMvavW7y 0rjLK+jCMdwAlWw4QoacAt NaAOBR3iGV3gznowX4934W IwWjHznCP7A+PwByOOTmA= =</latexit>
(a)
- - - + + +
 
<latexit sha1_base64="eSMc7R1L2/e HCgXJ5TMH1X8mRLk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPiKexGQY8BLx4jmAc kS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcK m6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBTh IaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYR TqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6 +b2vgmzJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1ar BZbV2f1Wpn+dxFOEETuECAriGOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPl UGPCw==</latexit>
⌧
<latexit sha1_base64="ZRlFtY4u+1k 5geG3kL2fsV76310=">AAAB63icbVBNS8NAEJ34WetX1aOXxaJ4KkkV9Fjw4rGC/YA 2lM120y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1X dop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkLvc7T9xYEelHnM bcV3SkRSgYxVzqI00Glapbc+cgq8QrSBUKNAeVr/4wYoniGpmk1vY8N0Y/pQYFk3xW 7ieWx5RN6Ij3Mqqp4tZP57fOyHmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJR je+qnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPOQvCWX14l7XrNu6r VH66rjYsijhKcwhlcggc30IB7aEILGIzhGV7hzVHOi/PufCxa15xi5gT+wPn8ARoPj jA=</latexit>
(b)
Averaging
over unitary
- - - + + +
(c)
 
<latexit sha1_base64="eSMc7R1L2/e HCgXJ5TMH1X8mRLk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPiKexGQY8BLx4jmAc kS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcK m6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBTh IaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYR TqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6 +b2vgmzJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1ar BZbV2f1Wpn+dxFOEETuECAriGOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPl UGPCw==</latexit>
Jd
<latexit sha1_base64="K2JjKu+WD2a LxVYisRztbFLYnhk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkV9FjwIp4q2g9 oQ9lsNu3SzSbsToRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJXCoOt+Oyura+sbm 4Wt4vbO7t5+6eCwaZJMM95giUx0O6CGS6F4AwVK3k41p3EgeSsY3kz91hPXRiTqEU cp92PaVyISjKKVHu56Ya9UdivuDGSZeDkpQ456r/TVDROWxVwhk9SYjuem6I+pRsEk nxS7meEpZUPa5x1LFY258cezUyfk1CohiRJtSyGZqb8nxjQ2ZhQHtjOmODCL3lT8z+ tkGF37Y6HSDLli80VRJgkmZPo3CYXmDOXIEsq0sLcSNqCaMrTpFG0I3uLLy6RZrXg Xler9Zbl2lsdRgGM4gXPw4ApqcAt1aACDPjzDK7w50nlx3p2PeeuKk88cwR84nz8Ly o2N</latexit>
Jh
<latexit sha1_base64="L2ALBT3jSZg nGiwg5O7aaCZ2dIQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkV9FjwIp4q2g9 oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3N gtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzT hBP6IDyUPOqLHSw11v2CuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4E TordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ 3UhNd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXg Xler9Zbl2lsdRgGM4gXPw4ApqcAt1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz8R2 o2R</latexit>
Integrating
out   ⌧
<latexit sha1_base64="ZRlFtY4u+1k 5geG3kL2fsV76310=">AAAB63icbVBNS8NAEJ34WetX1aOXxaJ4KkkV9Fjw4rGC/YA 2lM120y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1X dop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkLvc7T9xYEelHnM bcV3SkRSgYxVzqI00Glapbc+cgq8QrSBUKNAeVr/4wYoniGpmk1vY8N0Y/pQYFk3xW 7ieWx5RN6Ij3Mqqp4tZP57fOyHmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJR je+qnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPOQvCWX14l7XrNu6r VH66rjYsijhKcwhlcggc30IB7aEILGIzhGV7hzVHOi/PufCxa15xi5gT+wPn8ARoPj jA=</latexit>
(d)
+ =<latexit sha1_bas e64="EYv/KXqtDPcBARCrpxapl5INb3I= ">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoP iKexGQS9CwIvHBMwDkiXMTnqTMbOzy8y sEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7 K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8a uo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga 1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/ 2iiW37M5BVomXkRJkqPWKX91+zNIIpWGC at3x3MT4E6oMZwKnhW6qMaFsRAfYsVTS CLU/mR86JWdW6ZMwVrakIXP198SERlqPo 8B2RtQM9bI3E//zOqkJb/wJl0lqULLFoj AVxMRk9jXpc4XMiLEllClubyVsSBVlxmZ TsCF4yy+vkmal7F2WK/WrUvU8iyMPJ3AK F+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1 pyTzRzDHzifP4WvjKk=</latexit> =<latexit sha1_base64="EYv/KXqtDPc BARCrpxapl5INb3I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPiKexGQS9CwIvHBMw DkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5 lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgx kn6Ed0IHnIGTVWqt/2iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKn hW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOq kJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2 WK/WrUvU8iyMPJ3AKF+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4Wvj Kk=</latexit>-
+
=
<latexit sha1_bas e64="EYv/KXqtDPcBARCrpxapl5INb3I= ">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoP iKexGQS9CwIvHBMwDkiXMTnqTMbOzy8y sEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7 K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8a uo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga 1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/ 2iiW37M5BVomXkRJkqPWKX91+zNIIpWGC at3x3MT4E6oMZwKnhW6qMaFsRAfYsVTS CLU/mR86JWdW6ZMwVrakIXP198SERlqPo 8B2RtQM9bI3E//zOqkJb/wJl0lqULLFoj AVxMRk9jXpc4XMiLEllClubyVsSBVlxmZ TsCF4yy+vkmal7F2WK/WrUvU8iyMPJ3AK F+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1 pyTzRzDHzifP4WvjKk=</latexit>
=
<latexit sha1_base64="EYv/KXqtDPc BARCrpxapl5INb3I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPiKexGQS9CwIvHBMw DkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5 lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgx kn6Ed0IHnIGTVWqt/2iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKn hW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOq kJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2 WK/WrUvU8iyMPJ3AKF+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4Wvj Kk=</latexit>
-
(e) (f) =<latexit sha1_base64="EYv/KXqtDPc BARCrpxapl5INb3I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPiKexGQS9CwIvHBMw DkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5 lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgx kn6Ed0IHnIGTVWqt/2iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKn hW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOq kJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2 WK/WrUvU8iyMPJ3AKF+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4Wvj Kk=</latexit>
=
<latexit sha1_base64="EYv/KXqtDPc BARCrpxapl5INb3I=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPiKexGQS9CwIvHBMw DkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5 lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgx kn6Ed0IHnIGTVWqt/2iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKn hW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOq kJb/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2 WK/WrUvU8iyMPJ3AKF+DBNVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4Wvj Kk=</latexit>
= q2 cos4 ↵+ q sin4 ↵
<latexit sha1_base64="FhTW5qOc7nl LHoFiYL51DpZci3s=">AAACDHicbVDLSgMxFL3js9ZX1aWbYFEEoczUgm6EghuXFew DOtOSSdM2NJOZJhmhDP0AN/6KGxeKuPUD3Pk3pu0g2nogcDjnXG7u8SPOlLbtL2tpe WV1bT2zkd3c2t7Zze3t11QYS0KrJOShbPhYUc4ErWqmOW1EkuLA57TuD64nfv2eSs VCcadHEfUC3BOsywjWRmrn8lfDVtEloWqVkIt51MfoDA2Rq5j4UUzKLthToEXipCQP KSrt3KfbCUkcUKEJx0o1HTvSXoKlZoTTcdaNFY0wGeAebRoqcECVl0yPGaNjo3RQN5 TmCY2m6u+JBAdKjQLfJAOs+2rem4j/ec1Ydy+9hIko1lSQ2aJuzJEO0aQZ1GGSEs1 HhmAimfkrIn0sMdGmv6wpwZk/eZHUigXnvFC8LeXLJ2kdGTiEIzgFBy6gDDdQgSoQe IAneIFX69F6tt6s91l0yUpnDuAPrI9v/0+Zmg==</latexit>
= q cos4 ↵+ q sin4 ↵
<latexit sha1_base64="kWciK1FfZdc QjUmGlglAmGPDLEY=">AAACCnicbVDLSgMxFM34rPU16tJNtCiCUGZqQTdCwY3LCvY BnbFk0kwbmkmmSUYoQ9du/BU3LhRx6xe4829M20G09cCFwzn3cu89Qcyo0o7zZS0sL i2vrObW8usbm1vb9s5uXYlEYlLDggnZDJAijHJS01Qz0owlQVHASCPoX439xj2Rig p+q4cx8SPU5TSkGGkjte2Dy4GHhborQw+xuIfgKRxAT1H+o7TtglN0JoDzxM1IAWSo tu1PryNwEhGuMUNKtVwn1n6KpKaYkVHeSxSJEe6jLmkZylFElJ9OXhnBI6N0YCikKa 7hRP09kaJIqWEUmM4I6Z6a9cbif14r0eGFn1IeJ5pwPF0UJgxqAce5wA6VBGs2NAR hSc2tEPeQRFib9PImBHf25XlSLxXds2LpplyoHGdx5MA+OAQnwAXnoAKuQRXUAAYP4 Am8gFfr0Xq23qz3aeuClc3sgT+wPr4Bx06Y9g==</latexit>
(  = ⌧)
<latexit sha1_base64="83SEW2vY9q9 nB5Za0Di8nGzBwUU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxK3ZSkCroRCm5cVrA PaEKZTCft0JlJmIdQQ7/EjQtF3Pop7vwbp20W2nrgwuGce7n3nihlVGnP+3YKa+sbm 1vF7dLO7t5+2T04bKvESExaOGGJ7EZIEUYFaWmqGemmkiAeMdKJxrczv/NIpKKJeN CTlIQcDQWNKUbaSn23XA0UHXIEb2CgkTnvuxWv5s0BV4mfkwrI0ey7X8EgwYYToTFD SvV8L9VhhqSmmJFpKTCKpAiP0ZD0LBWIExVm88On8NQqAxgn0pbQcK7+nsgQV2rCI9 vJkR6pZW8m/uf1jI6vw4yK1Ggi8GJRbBjUCZylAAdUEqzZxBKEJbW3QjxCEmFtsyr ZEPzll1dJu17zL2r1+8tK4yyPowiOwQmoAh9cgQa4A03QAhgY8AxewZvz5Lw4787Ho rXg5DNH4A+czx8uT5IK</latexit>
(  6= ⌧)
<latexit sha1_base64="ZP/roBUZC+D 6aFZs8XqkObxKHho=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxKvZSkCnosePFYwX5 AE8pmO2mXbjZxdyOW0L/ixYMiXv0j3vw3btsctPXBwOO9GWbmBQlnSjvOt1VYW9/Y3 Cpul3Z29/YP7MNyW8WppNCiMY9lNyAKOBPQ0kxz6CYSSBRw6ATjm5nfeQSpWCzu9S QBPyJDwUJGiTZS3y5XPcWGEcGegAfsaZKe9+2KU3PmwKvEzUkF5Wj27S9vENM0AqEp J0r1XCfRfkakZpTDtOSlChJCx2QIPUMFiUD52fz2KT41ygCHsTQlNJ6rvycyEik1iQ LTGRE9UsveTPzP66U6vPYzJpJUg6CLRWHKsY7xLAg8YBKo5hNDCJXM3IrpiEhCtYm rZEJwl19eJe16zb2o1e8uK42zPI4iOkYnqIpcdIUa6BY1UQtR9ISe0St6s6bWi/Vuf SxaC1Y+c4T+wPr8Acqik4s=</latexit>
M(2)
<latexit sha1_base64="XBZSf7kQQqy xeEsV8gG2xva8ZJ0=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBalbkpSBV0W3LgRKtg HtLFMppN26OTBzEQpMZ/ixoUibv0Sd/6NkzYLbT0wcDjnXu6Z40acSWVZ30ZhZXVtf aO4Wdra3tndM8v7bRnGgtAWCXkoui6WlLOAthRTnHYjQbHvctpxJ1eZ33mgQrIwuF PTiDo+HgXMYwQrLQ3Mct/HakwwT27S+6RaP00HZsWqWTOgZWLnpAI5mgPzqz8MSezT QBGOpezZVqScBAvFCKdpqR9LGmEywSPa0zTAPpVOMoueomOtDJEXCv0ChWbq740E+1 JOfVdPZkHlopeJ/3m9WHmXTsKCKFY0IPNDXsyRClHWAxoyQYniU00wEUxnRWSMBSZ Kt1XSJdiLX14m7XrNPqvVb88rjZO8jiIcwhFUwYYLaMA1NKEFBB7hGV7hzXgyXox34 2M+WjDynQP4A+PzB74Wk5E=</latexit>
M(2)
<latexit sh a1_base64="XBZSf7kQQqy xeEsV8gG2xva8ZJ0=">AAA B+nicbVDLSsNAFL2pr1pfq S7dDBalbkpSBV0W3LgRKtg HtLFMppN26OTBzEQpMZ/ix oUibv0Sd/6NkzYLbT0wcDj nXu6Z40acSWVZ30ZhZXVtf aO4Wdra3tndM8v7bRnGgtA WCXkoui6WlLOAthRTnHYj QbHvctpxJ1eZ33mgQrIwuF PTiDo+HgXMYwQrLQ3Mct/H akwwT27S+6RaP00HZsWqWT OgZWLnpAI5mgPzqz8MSezT QBGOpezZVqScBAvFCKdpqR 9LGmEywSPa0zTAPpVOMoue omOtDJEXCv0ChWbq740E+1 JOfVdPZkHlopeJ/3m9WHmX TsKCKFY0IPNDXsyRClHWA xoyQYniU00wEUxnRWSMBSZ Kt1XSJdiLX14m7XrNPqvVb 88rjZO8jiIcwhFUwYYLaMA 1NKEFBB7hGV7hzXgyXox34 2M+WjDynQP4A+PzB74Wk5E =</latexit>
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FIG. 4. Mapping between RUC with weak measurements and classical Ising model. (a) Tensor network representation of the
RUC with weak measurements after the rearrangement [see also Fig. 3(b)]. Each T (2) represents four identical unitary tensors,
andM(2) represents a weak coupling Rˆα followed by the contraction of ancilla qudits [Fig. 3(b) inset]. (b) After averaging over
unitary, the TN reduces to a network on a honeycomb lattice. Each site of the lattice hosts a classical Ising variable σ or τ .
(c) Integrating out τ variables leads to the 2D classical Ising model on a triangular lattice with nearest neighbor interactions
Jh and Jd. (d) Averaging T (2) over Haar random unitary allows to replace the tensor as a sum of simple diagrams labelled by
a pair of classical variables σ, τ ∈ {±1}. (e) Diagrammatic representations of the tensors τˆ and σˆ. (f) Contracting a pair of
diagonally neighboring σˆ and τˆ tensors leads to a closed loop diagram, whose value depends only the relative sign between σ
and τ .
Combining these results, we obtain an intermediate ex-
pression
µ
(2)
AM =
∑
{σr,τr}
∏′
〈r,r′〉
w(2)(σr, τr′), (38)
where the summation runs over all possible assignment
of bulk Ising variables while the product with prime runs
over every neighboring pairs on a honeycomb lattice in-
cluding the extra boundary spins at t = T + 1 with fixed
σx,T+1 values. We emphasize that the boundary condi-
tions are implicit and depend on the the choice of the sub-
system A [Fig. 4(b)]. While the above expression already
resembles the partition function of a classical Ising model
on a honeycomb lattice, there is still a problem that the
Weingarten function contributes negative weights. This
sign problem can be fixed by explicitly integrating out
all τ variables, which leads to a model defined on a tri-
angular lattice
µ
(2)
AM = Z(2)AM =
∑
{σ}
∏′
〈σ1,σ2,σ3〉
w¯(2)(σ1, σ2, σ3), (39)
where 〈σ1, σ2, σ3〉 denotes a lower-facing triangle with
three neighboring vertices σ1, σ2, σ3 (in clockwise order
starting from top left), and w¯(2) is a three-body weight
that is nonnegative for arbitrary choice of q and α. The
explicit expression of w¯(2) is given in Appendix A 2. Ap-
parently, the right hand side of Eq. (39) is a partition
function of a classical Ising spin model on the 2D trian-
gular lattice [Fig. 4(c)].
Crucially, except for boundary contributions, the
model given by Eq. (39) preserves the Ising Z2 symme-
try associated with the global transformation σ 7→ −σ
since both w
(2)
g (σ, τ) and w
(2)
d (σ, τ) only depend on the
relative sign of two arguments. Consequently, the bulk
three-body weight decomposes into pairwise contribu-
tions w¯(2)(σ1, σ2, σ3) ∝ e−Jhσ1σ2−Jdσ1σ3−Jdσ2σ3 . The
couplings, tuned by the measurement strength, are fer-
romagnetic Jd ≤ 0 along diagonal bonds and anti-
ferromagnetic Jh ≥ 0 along horizontal bonds (Ap-
pendix A 3). It is interesting to note that this classical
Ising model with anisotropic pairwise interaction on the
triangular lattice is exactly solvable [26, 27]. In our case,
Jh+Jd ≤ 0, hence there is a ferromagnetic-paramagnetic
phase transition at a critical value of those parameters
tuned by the measurement strength. A large value of
q  1 and weak measurement α  1 correspond to the
low temperature limit of the spin model resulting in the
ferromagnetic phase. In the limit of vanishing measure-
ment strength α = 0, the model reduces to the previous
result discussed in Ref. [2]. On the other hand, the limit
of strong measurement α → pi/2 maps to high temper-
ature, giving rise to the paramagnetic phase. We will
elaborate on this phase transition in Sec. V.
Having established the mapping in Eq. (39), the sec-
ond conditional entropy in Eq. (16) can be expressed
as S˜(2) = F
(2)
AM − F (2)M , where F (2)X ≡ − logZ(2)X with
X = AM,M is the free energy of the spin model. In the
case of Z(2)AM , the Ising symmetry is explicitly broken on
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the top boundary; the spin variables on the top boundary
(t = T + 1) are pinned to σ = −1 and +1 in subsystem
A and B, respectively. Z(2)M corresponds to the special
case when the subsystem A is an empty set. Therefore,
the second conditional entropy is given by the excess free
energy of an Ising domain wall terminating on the edges
of region A on the top boundary.
Finally, we discuss the important modification of our
mapping that allows to analyze the second KL diver-
gence D(2). Calculation of this object involves comparing
two probability distributions (diagonal density matrices)
ρ˜M,0 and ρ˜M,θ obtained from the evolution of two dis-
tinct initial states with the same quantum circuit. This
requires the computation of
µ
(2)
M,θ ≡ tr [ρ˜M,0ρ˜M,θ]
= Tr
[(
I(2)AB ⊗ C(2)M
)
ρ˜ABM,0 ⊗ ρ˜ABM,θ
]
. (40)
This equation is related to Eq. (29) when the subsystem
A is an empty set. The average of µ
(2)
M,θ maps to the
same Ising model as Eq. (39) in the bulk. A nontrivial
modification arises only in the bottom boundary con-
dition, where density matrices for two initial states are
contracted with the σˆ tensors in the bottom layer. For
product states |Ψ0〉 = |ψ0〉⊗N and |Ψθ〉 = δU(θ) |ψ0〉⊗N ,
this leads to nontrivial additional weights on the bottom
boundary
Wbottom = |〈ψ0| δU(θ) |ψ0〉|(1−σx0,1) . (41)
In terms of the Ising spin model description, the extra
weight appears as a “magnetic field” term on the per-
tubed site
Z(2)M,θ =
∑
{σ}
e−h(1−σx0,1)
∏′
〈σ1,σ2,σ3〉
w¯(2)(σ1, σ2, σ3). (42)
Here, h = − log cos θ with cos θ ≡ | 〈ψ0| δU(θ) |ψ0〉 |. We
also note that the top boundary boundary condition is
σx,T+1 = +1 everywhere owing to the trivial choice of A.
The generalization of this result for any pair of inhomo-
geneous product states, e.g. |Ψ〉 = ⊗k |ψk〉 is straightfor-
ward.
In the Ising model, the second KL divergence D(2) =
F
(2)
M,θ − F (2)M with F (2)M,θ = − logZ(2)M,θ is identified as the
free energy cost of applying a boundary magnetic field
on the perturbed site. The corresponding second Fisher
information is given by
F (2) = 1− 〈σx0,1〉 , (43)
where 〈σx0,1〉 is the magnetization at r = (x0, 1).
The boundary magnetization 〈σx0,1〉 exhibits distinct
behaviors in the two phases of the Ising model. In the
ferromagnetic phase (weak or sparse measurements), the
top boundary condition (σ = +1) induces a nonvan-
ishing magnetization on the bottom boundary so that
〈σx0,1〉 > 0 and F (2) < 1. In the paramagnetic phase
(relatively strong or frequent measurements), the bottom
boundary magnetization vanishes in the thermodynamic
limit T →∞. We conclude that the second Fisher infor-
mation F (2) is less than unity in the volume-law phase,
increases continuously with measurement strength, and
saturates, in a nonanalytic way, to F (2) = 1 at and be-
yond the critical point.
B. Generalization to the n-th moment
We now generalize the mapping discussed in the pre-
vious section to arbitrary n ≥ 2. To this end, consider
a generic n-th moment µ
(n)
AM that involves n copies of
density matrices:
µ
(n)
AM = tr [ρ˜AM,1ρ˜AM,2 · · · ρ˜AM,n] . (44)
All density matrices ρ˜AM,i are obtained from the same
RUC with weak measurements, but starting from a po-
tentially different initial state of the system |Ψi〉. Similar
to the swap trick in Sec. IV A, µ
(n)
AM can be written as
µ
(n)
AM = Tr
[(
C(n)A ⊗ I(n)B ⊗ C(n)M
)
(
ρ˜ABM,1 ⊗ ρ˜ABM,2 ⊗ · · · ⊗ ρ˜ABM,n
)]
, (45)
where I(n)B is the identity operator and C(n)X is a cyclic
permutation of n copies of the Hilbert space of subsystem
X:
C(n)X =
∑
{ik}
|in, i1, i2, · · ·, in−1〉 〈i1, i2, · · ·, in| , (46)
where ik (k = 1,2, · · ·, n) enumerates quantum states
of X in the k-th copy. Below we omit the subscript and
simply use I(n) and C(n) to denote the identity and cyclic
permutation operators acting on n copies of an appropri-
ate subsystem. The cyclic permutation C(n) generalizes
the swap operation C(2) between two copies. The TN
representations of the boundary contractions with C(n)
and I(n) are shown in Fig. 5(a) and (b), respectively.
We now average µ
(n)
AM over individual random unitary
gate U . Since µ
(n)
AM is an n-th order monomial of U and
U†, the joint tensor T (n) takes the form
T (n)ab;cd ≡ Ua1c1 ⊗ U∗b1d1 ⊗ · · · ⊗ Uancn ⊗ U∗bndn (47)
where we used the composite indices, e.g. a ≡
(a1, a2, · · · , an), for multiple copies. For unitary gates
drawn from the Haar measure, the average T (n) can be
written as
T (n)ab;cd =
∑
σ,τ∈Pn
w(n)g (σ, τ)τˆabσˆcd (48)
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FIG. 5. TN representations of the top boundary contractions
for an n-th moment. (a) For subsystem A and M , n pairs of
indices are cyclically shifted before being contracted. (b) For
subsystem B, indices are contracted within each copy.
where the emergent spin degrees of freedom σ and τ can
be any of the n! members of the permutation group de-
fined over n elements, Pn. The tensor σˆ describes differ-
ent ways (permutations) to contract indices
σˆab =
n∏
k=1
δak,bσ(k) . (49)
The coefficient w
(n)
g (σ, τ) is the Weingarten function for
unitary group U(q2) that only depends on στ−1. An
exact expression for w
(n)
g is known [25, 28–32], and in
the limit of a large q [25], it reduces to
w(n)g (σ, τ) =
{
1/q2n if σ = τ
o(1/q2n+1) if σ 6= τ . (50)
Analogous to the case of n = 2, the application of
Eq. (48) to every gate in the RUC leads to an inter-
mediate “spin model” defined on a honeycomb lattice:
µ
(n)
AM =
∑
{σr,τr}
W ({σr, τr}), (51)
where the weight W ({σr, τr}) can be evaluated by de-
composing the tensor network into smaller diagrams.
In the bulk, closed diagrams associated with diagonally
neighboring spin pairs take the value (see Appendix A 1)
w
(n)
d (σ, τ) = q
#cycle(στ−1) cos2n α+ q sin2n α, (52)
where #cycle(ξ) denotes the number of cycles in the
cyclic representation of a permutation ξ ∈ Pn 2. The
top boundary contractions are equivalent to introducing
an additional layer of tensors σˆ at time T + 1. The val-
ues of the variables σx,T+1 are fixed according to the top
boundary operator. For example, µ
(n)
AM requires σˆx,T+1
2 For example, when σ = τ , στ−1 = (1)(2) · · · (n) in the cyclic
representation, hence #cycle(στ−1) = n.
to be the cyclic permutation and identity operators in
the subsystem A and B, respectively. At the bottom
boundary, extra weights arise from the overlap between
different initial states
∏n
k=1
〈
ψσ(k),x
∣∣ ψk,x〉 at each site
x.
Integrating out τ variables leads to a spin model on a
triangular lattice:
µ
(n)
AM = Z(n)AM =
∑
{σ}
∏′
〈σ1,σ2,σ3〉
w¯(n)(σ1, σ2, σ3). (53)
Unlike the case of n = 2, the three-body weight w¯(n) may
still be negative for a certain q and α. Nevertheless, we
find that for any given n, there exists a finite range of
(q, α) for which the weight is nonnegative. More specifi-
cally, we introduce κ = qn−1 cot2n(α) and show that the
weights are all positive provided q2 > n and
1
n!
(
1
1 + κ
)2
>
(
q2 + n
q2 − n
)n
− 1. (54)
The proof is given in Appendix A 4. For a given n, the
inequality is generally satisfied when fixing κ and consid-
ering a large q regime, where the right hand side can be
arbitrarily small.
Our spin model exhibits the Pn × Pn symmetry —
the system is invariant under the transformation σ 7→
ξ1 ◦ σ ◦ ξ2 for any pair (ξ1, ξ2) ∈ Pn × Pn. This can
be already seen from w
(n)
g and w
(n)
d , which only depends
on the conjugacy class of στ−1. At a sufficiently high
temperature, e.g. pi/2 − α  1, the model is in the dis-
ordered (paramagnetic) phase. As the effective tempera-
ture is lowered by varying q and α, the system may spon-
taneously breaks the symmetry and undergoes a transi-
tion into a ferromagnetic phase. In the limit q →∞, the
ordering transition can be quantitatively investigated as
the symmetry of the spin model extends to the Potts sym-
metry Pn! for n ≥ 3, for which the ordering transition has
been well studied. Crucially, the phase transition point
lies within the validity regime of our mapping in Eq. (54).
C. S˜(n) and D(n) in spin model descriptions
We now present the explicit spin model description of
our generalized quantities, S˜(n) and D(n) (see Tab. I for
a summary of results). We also discuss their qualitative
behaviors in the two different phases.
1. The n-th generalized conditional entropy
The n-th generalized conditional entropy S˜(n) in
Eq. (14) can be rewritten in a more suggestive form:
S˜(n)(A|M) = 1
n− 1
(
F
(n)
AM − F (n)M
)
, (55)
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where F
(n)
X ≡ − logZ(n)X is the free energy of the classical
spin model with the appropriate boundary condition for
subsystem X. Specifically, in the first term F
(n)
AM , the top
boundary variables are fixed to one of the two distinct el-
ements of Pn – a cyclic permutation for spins positioned
inside subsystem A and an identity element for those in
B. In the second term, all variables on the top boundary
are uniformly set to the identity element. Therefore, S˜(n)
corresponds to the excess free energy associated with a
domain wall teminating on the top boundary at the inter-
faces between regions A and B (up to a constant factor,
n− 1).
The free energy cost for having a domain wall is qual-
itatively different in the two phases of the spin model.
In the ferromagnetic phase, the excitation of a domain
wall requires an energy proportional to its length. Pin-
ning inhomogeneous boundary conditions results in two
ordered domains of spin variables, whose interface scales
with the linear size of a subsystem. In this phase, S˜(n)
thus also grows linearly with the subsystem size, corre-
sponding to the volume-law entangling phase. In con-
trast, domain wall excitations are condensed in the para-
magnetic phase and do not cost extensive free energies.
Hence, in-homogeneous boundary conditions lead to a
free energy change of at most order one, leading to the
area-law scaling of S˜(n).
It is interesting to note the close relation between
the statistical mechanics interpretation of the entangle-
ment entropy of the time evolving state in the circuit
to holographic entanglement entropy encoded in a ran-
dom tensor network. In Ref. [16], the latter was similarly
mapped to the free energy of a domain wall in a classical
spin model. The entanglement phase transition in both
cases corresponds to a ferromagnetic transition affecting
a change in the scaling of the domain wall free energy.
2. The n-th generalized KL divergence and
Fisher information
The n-th generalized KL divergence D(n) can be
rewritten as
D(n)(P0||Pθ) = 1
n− 1
(
F
(n)
M,θ − F (n)M
)
(56)
where F
(n)
M,θ = − logZ(n)M,θ with Z(n)M,θ = tr ρ˜M,0ρ˜n−1M,θ . Sim-
ilar to the case of S˜(n), D(n) also corresponds to the free
energy difference in spin models with two distinct bound-
ary conditions. In this case, however, the boundary con-
ditions are identical at the top and only distinguished at
the bottom, originating from the different initial states of
the n density matrices. More specifically, in order to com-
pute F
(n)
M,θ, we consider the system initialized in |Ψ0〉 for
the first copy (or equivalently any one of the n copies) and
in |Ψθ〉 for the rest. Following our derivation in the pre-
ceding section, this leads to nontrivial weights Wbottom
associated with the contractions of σˆ at the site being
perturbed: for any σ ∈ Pn that permutes the first copy
to itself, the weight is trivial unity, and otherwise it con-
tributes a factor | 〈ψ0| δU(θ) |ψ0〉 |2 = cos2 θ to Wbottom.
Among total n! permutations of Pn, (n − 1)! elements
belong to the former case (up-type) and the remaining
n! − (n − 1)! elements constitute the latter case (down-
type). Hence, the bottom boundary weights can be inter-
preted as an effect of a boundary “magnetic field” that
distinguishes the down-type spin variables from the up-
type ones at site x0. D
(n) corresponds to the free energy
cost of applying the boundary field at site x0 up to a
constant prefactor.
The qualitative behaviors of D(n) in two different
phases of the spin model can be intuitively understood
by the n-th Fisher information:
F (n) = 2
n− 1
〈
m↓x0,1
〉
(57)
where 〈m↓x0,1〉 is the probability that the spin at (x0, 1)
belongs to a down-type in the spin model with open bot-
tom boundary conditions 3. Owing to the translation
symmetry of our model (after averaging over U) and top
boundary conditions, 〈m↓x0,1〉 is independent of x0, hence
we use a simpler notation 〈m↓1〉 in the rest of the paper.
For a relatively short evolution time T (i.e., the tem-
poral dimension of the spin system is short), the density
of down-type spins, 〈m↓1〉, is smaller than its na¨ıve sta-
tistical average:
〈m↓1〉 <
n!− (n− 1)!
n!
= 1− 1/n (58)
due to the effect of the symmetry breaking top bound-
ary conditions at t = T + 1 (see Monte Carlo results
in Appendix E). This memory of the top boundary con-
ditions persists in the ferromagnetic phase even in the
long time limit, so limT→∞〈m↓1〉 < 1 − 1/n due to the
long range order. On the the other hand, in the para-
magnetic phase. the state of the bottom boundary be-
comes uncorrelated with the top boundary; the number
of down-type spins saturates to its simple statistical aver-
age 1−1/n. Therefore, through Eq. (57), the bulk phase
transition of the spin model manifests as a nonanalytic
change in the long time limit of the n-th Fisher informa-
tion at the critical point, which reaches its fully saturated
value F (n) = 2/n only in the paramagnetic phase. In the
replica limit n → 1, we get the saturation value F = 2
(see Fig. 2).
The saturation of the Fisher information to its max-
imal value in the paramagnetic phase (or equivalently
area-law phase) indicates that the measurement device
(ancilla qudits) obtains all the information about the ini-
tial state, accessible from a set of local measurements. In
3 We consider the open boundary condition since F(n) is obtained
in the limit θ → 0.
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contrast, the saturation to a value less than its maximum
in the volume-law phase implies that some information
cannot be extracted even after infinitely many measure-
ments, owing to the effective quantum error correcting
properties of scrambling dynamics [10]. We note that in
the special limit n→ 1, the nondecreasing nature of D(1)
as a function of T can be independently derived from the
monotonicity of the relative entropy [22–24].
V. PHASE TRANSITIONS
In this section, we provide detailed analysis on the na-
ture of the phase transitions in our models. The phase
transition points in our spin models are analytically solv-
able in two cases: (i) n = 2 with an arbitrary choice q,
and (ii) n ≥ 2 in the limit q → ∞. The former case is
discussed in Sec. V A, where we utilize that the emergent
2D Ising model on a triangular lattice is exactly solv-
able [26, 27]. The phase transition is described by con-
formal field theory (CFT) with known critical exponents.
The latter case is elaborated in Sec. V B, where we show
that our spin model further reduces to the n!-state stan-
dard Potts model on a square lattice in the large q limit.
The phase transition of such models can be exactly com-
puted using the Kramers-Wannier duality [33, 34] and
belongs the first order phase transition for n ≥ 3. Then,
we perform the analytic continuation in order to identify
the universality class and extrapolate the phase transi-
tion point for the n = 1 case in Sec. V C. In this limit,
our model reduces to a bond percolation problem; the
phase transition is described by CFT with well known
critical exponents. In order to study the phase transition
for small local Hilbert space dimensions, we perform ex-
act numerical simulations up to N = 30 qubits (q = 2)
and extract the critical point. We also present simulation
results for the entanglement phase transition in Re´nyi-k
entropies in Sec. V D, which suggests that the phase tran-
sition point may not depend on the Re´nyi order k.
A. Classical Ising model (n = 2 with an arbitrary q)
When n = 2, the average purity is mapped to the par-
tition function of 2D classical Ising model on a triangular
lattice with appropriate boundary conditions. The bulk
Hamiltonian of such system in the unit of the effective
temperature is
βHIsing =
∑
〈r,r′〉d
Jdσrσr′ +
∑
〈r,r′〉h
Jhσrσr′ , (59)
where 〈r, r′〉d/h represents a pair of diago-
nally/horizontally neighboring sites, and Jd (Jh) is
the corresponding Ising coupling strength that depends
on q and α. Exact expressions for Jd and Jh are
provided in Appendix A 3. In our model, it can be
shown that Jd ≤ 0 is ferromagnetic, Jh ≥ 0 is antifer-
romagnetic, and they satisfy Jd + Jh ≤ 0 for arbitrary
q and α. This model is exactly solvable and exhibits a
paramagnetic-to-ferromagnetic phase transition when Jd
and Jh satisfy [26, 27]:
2e2Jh = e−2Jd − e2Jd . (60)
From this condition, the critical measurement strength
α
(2)
c can be computed for an arbitrary q
tan4
(
α(2)c
)
=
(q − 1)(q2 + 1)√
2 + 2q4 − 2 − 1. (61)
The universality of this phase transition is described by
the Ising CFT with the critical exponents ν = 1 and
β = 1/8.
B. Standard Potts model (n ≥ 2 with q →∞)
In the case n ≥ 3, our interpretation of different n-th
moments as partition functions of classical spin models
is valid only for a finite range of (q, α). A sufficient con-
dition for the validity is provided in Eq. (54), which can
be satisfied by a finite q for any given n. In this sec-
tion, we consider a limiting case 1/q → 0, where our spin
model description becomes valid for every n and is fur-
ther simplified, allowing to extract exact phase transition
points. We believe this analysis should provide insights
to the phase transitions even when 1/q 6= 0, where we
expect small modifications to the critical measurement
probability arising from corrections in powers of 1/q.
We begin our analysis by pointing out that, in the limit
q → ∞, the phase transition in the spin model occurs
close to α
(n)
c ∼ pi/2 (or p(n)c ∼ 1), i.e., the measurement
strength is near its maximum. This can be easily checked
by estimating the couplings in the spin model as a func-
tion of q and α (see Appendix A 3 for an example of
n = 2). Therefore, we consider the limit q →∞ together
with α → pi/2 while keeping κ = qn−1 cot2n(α) fixed.
We will see that our model exhibits the phase transition
point at κ
(n)
c =
√
n!, which is consistent with our limit
as well as the validity criterion in Eq. (54).
An important consequence of the limit 1/q → 0 with
a fixed κ is the emergence of the Potts symmetry Pn!.
More specifically, both weights w
(n)
d and w
(n)
g become
dramatically simplified from Eqs. (50) and (52):
w
(n)
d (σ, τ) ≈ q (1 + κδστ ) , (62)
w(n)g (σ, τ) ≈ q−2nδσ,τ , (63)
which is invariant under any permutations of n! elements
in Pn, hence the symmetry group is Pn!. By integrating
out τ variables, we obtain the three-body weight and its
corresponding effective Hamiltonian for spin variables on
a triangular lattice:
βHPotts ≈
∑
〈r,r′〉d
Jδσrσr′ , (64)
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FIG. 6. Our spin models reduce to the standard Potts models
on a square lattice in the limit q →∞, α→ pi/2 while keep-
ing κ = qn−1 cot2n(α) fixed (see the main text). The phase
transition occurs at κ
(n)
c =
√
n!.
where J = − ln(κ + 1) < 0 is a ferromagnetic coupling
between diagonally neighboring sites, and the couplings
between horizontally neighboring sites vanish. Thus, our
model simplifies to the standard Potts model defined on
a square lattice (Fig. 6), for which the phase transition
point as a function of J (in units of effective temperature)
has been well studied [33, 34].
The transition point of the standard Potts model is
exactly solvable using the Kramers-Wannier duality [33,
34], which gives Jc = − log(1 +
√
n!), or equivalently
κ
(n)
c =
√
n!. For completeness, we review the duality
in Appendix D. This transition point corresponds to the
strength α
(n)
c and the probability p
(n)
c :
α(n)c = arctan
((
qn−1√
n!
)1/2n)
, (65)
p(n)c = 1/
1 +( √n!
qn−1
)1/n (66)
for weak and projective measurements formalisms, re-
spectively. In the case n = 2, this critical point agrees
with the exact solution in Eq. (61) in the large q limit.
It is well known that the n!-state Potts model exhibits a
first order phase transition for n ≥ 3 [35, 36].
C. Bond Percolation (n→ 1 and q →∞)
Our exact results when q → ∞ in the preceding sec-
tion allow to perform the analytic continuation to study
an important limiting case n→ 1, where our generalized
quantities S˜(n) and F (n) approach the averaged von Neu-
mann entanglement entropy and the Fisher information
in measurement outcomes, respectively. Here, we com-
pute the critical point and identify the universality of
class of the phase transition.
In the limit q → ∞, we have seen that our model
reduces to the n!-state standard Potts model on a 2D
square lattice with the coupling J = − ln(κ+ 1). Taking
another limit n→ 1, the standard Potts model becomes
equivalent to a bond percolation problem [37–39], where
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FIG. 7. Phase transition points p
(n)
c as a function of q. Dif-
ferent curves represent various replica index n. For n = 2,
the critical point is given by the exact solution in Eq. (61).
For integer n ≥ 3, p(n)c is estimated from Eq. (66), which is
valid for q  1. For noninteger n and n = 1, the transi-
tion points are extracted from the analytic continuation of
Eq. (66). Solid lines represent the exact value (n = 2) or
the results in the large q regime (n ≥ 3 and noninteger n)
while dashed lines indicate that our approximation needs not
be valid as q decreases. The red diamond indicates numeri-
cally extracted critical point pc = 0.26 ± 0.02 with q = 2 for
von Neumann entanglement entropy.
each bond of a square lattice is “activated” with the prob-
ability
f =
κ
1 + κ
= p. (67)
The set of activated bonds percolates the network of the
2D square lattice when f exceeds the critical point fc =
1/2. In our model, this criterion leads to limn→1 κ
(n)
c = 1,
corresponding to
lim
n→1
α(n)c = pi/4, (68)
lim
n→1
p(n)c = 1/2. (69)
Thus, the universality class of the phase transition for
q → ∞ belongs to that of a bond percolation transition
in the 2D square lattice. At the critical point, the 2D
model can be described by CFT with critical exponents
ν = 4/3 and β = 5/36 [40–42].
A few remarks are in order. First, while the percola-
tion model has been discussed in Ref. [8], we emphasize
that the origin of the model in the present work is differ-
ent. In Ref. [8], the model has been adapted primarily
to explain the phase transition in the Re´nyi-0 entropy,
relying on simple geometric properties of tensor network
representations of many-body wave functions. In partic-
ular, the probability of projective measurement in RUC
has been directly identified with the activation proba-
bility in the percolation problem. In this paper, how-
ever, the percolation problem arises from the analytic
continuation of emergent effective spin models that we
obtain only after averaging over unitary gates and weak
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FIG. 8. Exact numerical simulations for the entanglement
phase transition in RUC with probabilistic projective mea-
surements. The horizontal and vertical axes represent the
measurement probability p and the half-chain von Neumann
entanglement entropy S for q = 2 and various system sizes
up to N = 24. The inset shows the collapse of data
from finite-size scaling analysis based on the scaling formula
S(p,N)−S(pc, N) = g((p−pc)N1/ν) [8] with a specific choice
pc = 0.27 and ν = 2.9. For the scaling analysis, we use the
results from system sizes up to N = 30 with q = 2 and a
smaller window of p ∈ [0.2, 0.35].
measurements. More importantly, we predict a perco-
lation transition in the von Neumann entanglement en-
tropy only in the limit q →∞ (i.e.large local dimension).
As discussed in Ref. [16], the 1/q corrections give rise to
a reduction of the Potts symmetry (Pn! → Pn×Pn) and
constitute relevant perturbations at the percolation fixed
point. It is an interesting direction for future research to
characterize the critical point in a system of qudits with
a finite number of internal states and in particular qubits
with q = 2. Second, in the previous studies [7, 9, 10], the
critical point and critical exponents of the entanglement
phase transition in the Clifford circuit are also obtained
from numerics. However, the critical point and the uni-
versality extracted from analytic continuation here may
not be applied to the Clifford circuit owing to the fact
that the Clifford group does not form a unitary t-design
for t ≥ 4 [43]. Thus, Eq. (66) is not valid for the phase
transition in the Clifford circuit when n ≥ 4. Finally, we
note that, in a strict sense, our analytic continuation is
valid only when q →∞ since our analytic expressions for
α
(n)
c (or p
(n)
c ) are exact only in this limit. Surprisingly,
we find that the resultant critical point does not depend
on q in its leading order. A careful quantitative study
of potential 1/q corrections may be an interesting future
direction.
D. Exact Numerical Simulations
In order to see the behavior of the phase transition
with a small value of q, we perform exact numerical sim-
ulations of RUC with projective measurements for q = 2
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FIG. 9. Critical measurement probabilities pc for different
orders k of Re´nyi entropy fitted from exact numerical simula-
tions. The von Neumann entropy corresponds to k = 1. Red
diamonds represent pc extracted from finite size scaling analy-
sis using the results from exact numerical simulation for q = 2
up to N = 30 and p ∈ [0.2, 0.35]. Error bars are estimated
from statistical fluctuations of our scaling analysis based on
the bootstrapping method and may not represent the accu-
racy to their true value (see Appendix F 2). The dash-dotted
line shows the analytic prediction pc = 1/2 in the large q limit
as well as the critical point for Re´nyi-0 entropy based on the
percolation in the unitary network [8].
(qubits). We are able to obtain exact results for up to
N = 30 spins by using a customized algorithm that lever-
ages tensor representations of many-body wave functions,
(see Appendix F 1 for details). Based on finite size scal-
ing analysis for 10 ≤ N ≤ 30, we extract pc = 0.26±0.02
for von Neumann entropy, consistent with previous nu-
merical results up to N = 24 qubits [8] (Fig. 8). The ex-
tracted critical point seems to deviate from our analytic
prediction for q → ∞ limit in Eq. (68), which indicates
that a significant 1/q correction is present.
We note that the replica limit introduced in the pre-
ceding sections is tailored for von Neumann entropy. For
many practical applications, it is also important to un-
derstand the behaviors of Re´nyi entropies of order k 6= 1.
In particular, it is well known that quantum states in 1D
with area-law Re´nyi-k entanglement entropy with k < 1
can be efficiently simulated by using matrix product state
representations [44, 45]. Therefore, the entanglement
phase transition in Re´nyi-k entropy with k < 1 is directly
related to the classical simulability of quantum dynamics.
With this motivation in mind, we numerically study
the phase transitions in Re´nyi-k entropy for various k
ranging from 0.2 to 5 and extract critical measurement
probabilities. The results are summarized in Fig. 9. In-
terestingly, pc does not exhibit a strong dependence on
the order k. This suggests that phase transitions for dif-
ferent Re´nyi entropies (k > 0) occur simultaneously and
that the dynamics in the area-law phase for von Neumann
entropy already implies its simulability using a classical
algorithm.
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VI. ABSENCE OF PHASE TRANSITION FOR
UNRESTRICTED MEASUREMENTS
In previous sections, we focused on the RUC with sim-
ple weak measurements, in which the ancilla qudits are
measured only in their local computational basis. In this
section, we lift this constraint, allowing measurements of
any complete set of observables (positive-operator valued
measure), which could be arbitrarily nonlocal. Thus, we
must now consider the full quantum density matrix of the
ancilla qudits ρM without applying the dephasing chan-
nel, i.e., without projecting to its diagonal elements in
the computational basis. With the full density matrix in
hand, we can in principle apply, for example, an arbitrary
unitary V to the entire set of NT ancilla qudits before
projecting them in the computational basis. By appro-
priately choosing V , this setup allows to extract more
information about the system including nonlocal corre-
lations (both in space and time) hidden among multiple
system qudits. We show that there is no phase transi-
tion in the presence of such unrestricted (fully quantum)
measurements.
The absence of phase transition under these conditions
can be understood from two complementary perspectives.
The first perspective is based on the insights of Ref. [10],
namely that the volume-law phase remains stable against
sufficiently sparse measurements owing to the natural er-
ror correction achieved by the information scrambling
of unitary gates. The scrambling transforms informa-
tion into a highly nonlocal form, protecting the informa-
tion from local measurements. However, if the measure-
ments are also arbitrarily nonlocal, then information is
no longer protected. The scrambling becomes meaning-
less, and the volume-law phase immediately destabilizes.
Another perspective on the problem is afforded by con-
sidering the entanglement entropy between the system
and ancilla qudits. Through the coupling gates Rˆα, the
entanglement entropy generally grows linearly in time as
S[ρS ] ∼ pNT log q and is expected to saturate to its max-
imal possible value N log q, after a time T ∗ ∼ 1/p. In this
situation, as we show in section VI B below, the system
qudits reach a steady state (at time T  T ∗), which re-
tains no information about their initial state . Therefore,
given the unitarity of the combined system, all the infor-
mation must have gone into the ancilla qudits [46]. For
this reason, we expect no phase transition: the ancilla
qudits will eventually attain the full information about
the initial state of the system, regardless of the measure-
ment strength.
It is interesting to see how the presence of unrestricted
measurements modifies the mapping to the classical spin
models. Below, we show that removing the constraint
imposed by the dephasing channel results in classical spin
models that do not respect the permutation symmetry
nor the Potts symmetry when q →∞, and consequently
do not exhibit an ordering phase transition.
A. Dynamics of quantum relative entropy of
ancilla qudits
To characterize the amount of information stored in
the full density matrix of the measurement device (ancilla
qudits), we generalize the classical KL divergence to the
quantum relative entropy
DQ(θ, T ) ≡ tr ρM,0 (log ρM,0 − log ρM,θ). (70)
Here, there is no dephasing of the ancilla qubits. From
the quantum relative entropy, one can readily compute
the Kubo-Mori-Bogoliubov (KMB) quantum Fisher in-
formation defined as
FKMB ≡ ∂2θDQ(θ, T )
∣∣∣
θ=0
, (71)
which is an attainable upper bound to the (conventional)
Fisher information, optimized over all possible choices
of positive-operator valued measure [24, 47–50] (see Ap-
pendix G for a review). Thus, DQ is an appropriate
quantum generalization of DKL.
In order to analyze these quantities in the classical spin
model description, we again use the replica method. To
this end, we introduce the n-th quantum relative entropy
and the corresponding n-th KMB Fisher information:
D
(n)
Q (θ, T ) ≡
1
1− n log
(
tr ρM,0ρ
n−1
M,θ
tr ρnM,0
)
, (72)
F (n)KMB ≡ ∂2θD(n)Q (θ, T )
∣∣∣
θ=0
, (73)
which reduce to DQ and FKMB, respectively, in the limit
n→ 1.
The mapping to classical spin models described in
Sec. IV generalizes to this case in a straightforward way.
The n-th moment ν
(n)
M = tr[ρM,1ρM,2 · · · ρM,n] is mapped
to the partition function of a modified classical spin
model after averaging over unitaries. As before, in the
limit θ2  1, the leading order contribution to D(n)Q can
be interpreted as the density of down-type spins in the
bottom layer 〈m↓1〉 up to a constant prefactor. The only
modification to our spin model originates from the ab-
sence of the dephasing channels Nφ, which modifies the
two-body Boltzmann weight w
(n)
d (σ, τ). Crucially, this
modification breaks the permutation symmetry (see Ap-
pendix B). For this reason, the ferromagnetic to param-
agnetic phase transition cannot exist.
In order to further develop the intuition, we focus
on the second quantum relative entropy D
(2)
Q as a spe-
cific example, and explicitly demonstrate the absence of
the phase transition verified with numerical simulations.
Similar to the discussion in Sec. IV A, the second mo-
ment ν
(2)
M is mapped to the partition function of classical
Ising model on a triangular lattice (see Appendix B for
detailed derivations). In this case, the down-type spin is
identified with a spin with σ = −1, hence 〈m−1 〉 = 〈m↓1〉.
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FIG. 10. The density of spins with σ = −1 in bottom layer,
〈m−1 〉, as a function of time T when the full density matrix
of ancilla qudits is retained, i.e., without projection to diago-
nal elements. Different curves represent various measurement
strengths α given in the legend. The data collapse shown in
the inset clearly demonstrates that there is no phase tran-
sition. The time dependence of 〈m−1 〉 for all measurement
strengths collapses to a single curve when plotted as a func-
tion of Tα2. The numerical simulation is done with N = 20.
Additional numerical results for different N collapse on top
of each other and therefore are not presented here.
Crucially, the Ising symmetry is explicitly broken: the
three-body weights v¯(2)(σ1, σ2, σ3) are larger when the
majority of spins are σ = −1 (rather than σ = +1),
i.e., v¯(2)(+,−,−) = v¯(2)(−,+,−) > v¯(2)(+,−,+) =
v¯(2)(−,+,+) and v¯(2)(−,−,−) > v¯(2)(+,+,+) for an
arbitrary α > 0. These imbalances in weights prefer
spin variables σ = −1 over σ = +1. Furthermore,
v¯(2)(−,−,+) = 0 independent of α while v¯(2)(+,+,−) >
0. This implies that if σ = −1 at every position at a
certain time t∗, then all the spins at t < t∗ must also
be in the state σ = −1. This constraint originates from
the unitarity of the dynamics [4] (see also Appendix C).
Therefore, we expect 〈m−1 〉 to saturate to unity in the
limit T →∞. Numerics provided in Fig. 10 verifies this
statement.
Figure 10 presents the Monte-Carlo simulation of 〈m−1 〉
as a function of time T . 〈m−1 〉 grows with time and even-
tually saturates to unity at a sufficiently long time for
various measurement strengths α from 0.05 to 0.4. In the
inset, we obtain a collapse of data points for various mea-
surement strengths when 〈m−1 〉 is plotted as a function of
rescaled time Tα2. The quadratic scaling agrees with the
intuition that the increase of D
(2)
Q (or Fisher information)
in every time step is proportional to the average number
of measured qudits N sin2(α) ≈ Nα2. This scaling also
suggests that 〈m−1 〉 will eventually saturate to unity at
a time scale T ∗ ∼ 1/α2 for 0 < α  1. Therefore, no
phase transition happens in 〈m−1 〉 (or equivalently D(2)Q
and F (2)KMB).
The absence of a phase transition in D
(2)
Q can be gen-
eralized to n ≥ 2. As discussed in Appendix B, in the
spin model description of D
(n)
Q , the cyclic permutation is
preferred in the spin configuration. Moreover, the three-
body weight v¯(n)(C(n), C(n), σ3) = 0 for any σ3 6= C(n),
where C(n) is the cyclic permutation [Fig. 5(a)]. There-
fore, one layer of σ = C(n) at a certain time t∗ will force
all the spins at time t < t∗ to take the value C(n). For
a sufficiently large T , spins in the bottom layer are all
polarized to σ = C(n), and 〈m↓1〉 = 1 since C(n) belongs
to the down-type. Consequently, there cannot be a phase
transition in D
(n)
Q for any integer n ≥ 2 and nor for DQ
(or FKMB).
B. Dynamics of the system qudits
In the preceding section, we have shown the absence
of a phase transition based on the amount of information
accessible to ancilla qudits when the measurement basis
is unrestricted and potentially nonlocal. Here, we ex-
plore the complementary perspective by considering the
reduced density matrix of the system qudits. We will see
that the system density matrix evolves to a steady state
independent of its initial state for any α > 0. This obser-
vation, together with results in preceding sections, pro-
vides a clear intuitive understanding regarding the flow
of quantum information: all information about the ini-
tial state of the system is transferred to ancilla qudits
at a sufficiently long time for α > 0. Furthermore, we
point out that the presence or the absence of the phase
transition cannot be unambiguously answered by the re-
duced density matrix of the system alone because it does
not depend on the choice of measurement basis for ancilla
qudits. One of the most important implications of our re-
sults in this section is that the phase transition is inherent
to the data collected on individual quantum trajectories
of the system, and it goes away when the quantum state
of the system is averaged over those trajectories.
We consider the quantum relative entropy D¯Q ≡
tr ρS,0(log ρS,0 − log ρS,θ) between the reduced density
matrices of the system originating from two close ini-
tial states |Ψ0〉 and |Ψθ〉. D¯Q can be similarly analyzed
using the spin model description, and we show this quan-
tity always decays to zero in the limit T →∞. As before,
we define the replicated objects D¯
(n)
Q ≡ (log tr ρS,0ρn−1S,θ −
log tr ρnS,0)/(1−n), which is proportional to the number of
down-type spins in the bottom layer. An important mod-
ification arises from the top boundary conditions: the
additional spin degrees of freedom for the system take
the value C(n) (i.e., σx,T+1 = C(n)) everywhere, while n
copies of ancilla qudits are contracted by the identity op-
erator I(n) (in contrast to C(n) for DQ). This leads to
modified Boltzmann weights. Instead of favoring C(n),
the spin model now favors I(n) in the bulk for an arbi-
trary α > 0. Consequently, all the spins at the bottom
boundary are polarized to I(n), leading to a vanishing
density of down-type spins as T → ∞ for any integer
n ≥ 2. From the analytic continuation, we conclude that
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D¯Q vanishes as well.
The vanishing D¯Q implies that the density matrix of
system qudits evolves to an identical steady state regard-
less of its initial state. In fact, one can show that the
steady state is maximally mixed by considering one of the
initial states replaced by the maximally mixed state: the
bottom boundary condition is modified in a nonpertur-
bative way, but our argument above still holds. From the
information theoretical perspective, the system loses the
quantum information of its initial state. Since the sys-
tem and ancilla qudits combined undergo a closed unitary
time evolution, one can conclude that the full quantum
information about the initial state is recoverable from the
ancilla qudits [46]. Finally, we note that the spin model
descriptions of DQ and D¯Q are identical up to the ex-
change of C(n) and I(n) in boundary conditions. As a
result, the saturation of DQ and the decay of D¯Q occur
exactly on the same time scale T ∗.
VII. DISCUSSION AND OUTLOOK
A. Relation to purification phase transition
Recently, Ref. [13] has pointed out that the entan-
glement phase transition occurs concurrently with the
change in the purification dynamics of an initially mixed
state. More specifically, Ref. [13] considers the entropy of
an initially maximally mixed state undergoing RUC with
projective measurements: when p > pc the quantum tra-
jectories of the system density matrix rapidly approach
pure states, while for p < pc the system remains in a
mixed state with a finite entropy density for an expo-
nentially long time in its system size. Based on numeri-
cal simulations of 1D qubit chains evolved under Clifford
gates and projective measurements, it has been observed
that the critical measurement probability of the purifi-
cation phase transition equals that of the entanglement
phase transition with high accuracy [13].
Using our mapping to a series of spin models, we can
show that the purification phase transition is indeed iden-
tical to the entanglement phase transition for Haar ran-
dom unitary circuits with projective or weak measure-
ments. As a measure of the purity, we consider the von
Neuman entropy of the full system. To this end, we
consider the series of generalized conditional entropies
S˜
(n)
mix(A|M), with A now identified with the entire sys-
tem and the subscript ‘mix’ indicates that the initial
state is maximally mixed. As before, the special fea-
tures of S˜
(n)
mix(A|M) are enacted through bottom and
top boundary conditions. For the spins in the bottom
layer, contraction with the maximally mixed initial state
ρ⊗nmax = (
1
qn I(n))⊗N can be accounted by introducing ad-
ditional spins at t = 0 with fixed value σx,0 = I(n) (iden-
tity permutation). In this case, since the subsystem A
covers the entire system (we are calculating the entropy
of the whole system), the top boundary conditions are
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+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNB EOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpu FGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9P TGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L867 87FszTnZzCn8gfP5A2sBjJk=</latexit>
 <latexit sha1_base64="G6HntBfAdZsGcMyIAAD1KmwUZww=">AAAB6HicbVDLSgNB EOyNrxhfUY9eBoOQi2E3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03 AjsJMopFEgsB2M7+Z++wmV5rF8MJME/YgOJQ85o8ZKjct+seRW3AXIOvEyUoIM9X7xqzeIWRqhNExQrbuemxh/SpXhTOCs0Es1JpSN6RC7lkoaofani0Nn5MIqAxLGypY0ZKH+n pjSSOtJFNjOiJqRXvXm4n9eNzXhrT/lMkkNSrZcFKaCmJjMvyYDrpAZMbGEMsXtrYSNqKLM2GwKNgRv9eV10qpWvKtKtXFdqpWzOPJwBudQBg9uoAb3UIcmMEB4hld4cx6dF+fd +Vi25pxs5hT+wPn8AW4JjJs=</latexit>
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNB EOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpu FGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9P TGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L867 87FszTnZzCn8gfP5A2sBjJk=</latexit>
+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNB EOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpu FGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9P TGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L867 87FszTnZzCn8gfP5A2sBjJk=</latexit>
+
<latexit sha1_base64="4/4xFke1KIsTpGNgO1S9uME7bac=">AAAB6HicbVDLSgNB EOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PWjpOFcMmi0WsOgHVKLjEpu FGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEdSh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCgb0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9P TGlkdaTKLCdETUjverNxf+8bmrCW3/KZZIalGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnceThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L867 87FszTnZzCn8gfP5A2sBjJk=</latexit>
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
+
<latexit sha1_base64="4/4xFke1KIsT pGNgO1S9uME7bac=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMQEMJuFPQY8OIxAfOAZ Amzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfL eztHxweFY9PWjpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38399hMqzWP5YCYJ+hEd Sh5yRo2VGpf9YsmtuAuQdeJlpAQZ6v3iV28QszRCaZigWnc9NzH+lCrDmcBZoZdqTCg b0yF2LZU0Qu1PF4fOyIVVBiSMlS1pyEL9PTGlkdaTKLCdETUjverNxf+8bmrCW3/KZZI alGy5KEwFMTGZf00GXCEzYmIJZYrbWwkbUUWZsdkUbAje6svrpFWteFeVauO6VCtnce ThDM6hDB7cQA3uoQ5NYIDwDK/w5jw6L86787FszTnZzCn8gfP5A2sBjJk=</latexit >
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FIG. 11. The different signatures of the entanglement phase
transition as they manifest in the classical spin model descrip-
tions. For simplicity, we present the descriptions in terms of
the Ising spin model with n = 2. Left and right columns cor-
respond to the ferromagnetic (volume-law) and paramagnetic
(area-law) phases. (a,b) Average entanglement entropy of a
subsystem A is related to the excess free energy of a domain
wall (red solid line) terminating at the edges of A on the top
boundary. (c,d) Fisher information is related to the average
magnetization density at the bottom (red dotted box), via
Eq. (57), when the top boundary is fixed at σx,T+1 = +1.
(e,f) Purification of a mixed state evolution (or equivalently
the average entropy of the system in steady states) is related
to the excess free energy of a domain wall running across the
entire system (red solid line).
also homogenous. Similar to the discussion in Sec. IV C,
the conditional entropy now corresponds to the difference
between a configuration with all top spins fixed to C(n)
(cyclic permutation) and one with all of them in the I(n)
(identity permutation), while the bottom boundary con-
dition is uniformly I(n). In the paramagnetic (area-law)
phase, such free energy cost is of order unity independent
of the system size. This implies a purified phase. In the
ferromagnetic (volume-law) phase, the excess free energy
of a domain wall traversing the the entire system scales
as ∼ N . This corresponds to the mixed phase with total
entropy proportional to volume. The spin model descrip-
tions of the subsystem entanglement entropy, the Fisher
information, and the steady state entropy for a mixed
initial state are summarized in Fig. 11 for n = 2.
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B. Experimental considerations
There are several potential experimental platforms to
investigate the phase transition, including superconduct-
ing quantum circuits, trapped ions and neutral atoms,
and ultracold atomic systems [51–56]. For theoretical
convenience, we have focused on the entanglement phase
transition in a circuit of random unitary gates. How-
ever, we expect that this is not crucial and a system un-
dergoing a chaotic hamiltonian evolution with measure-
ments would also exhibit a similar phase transition. In
experiments, the projective measurements can be directly
implemented when quantum nondemolition (QND) mea-
surements are possible. Alternatively, one can introduce
a set of ancilla qudits coupled to a system, postponing
all measurements to the end of each experimental run of
quantum dynamics.
For experimental observations of the phase transition,
the biggest challenge in our view lies in identifying real-
istic observables that detect the phase transition. As we
discussed in the introduction, the direct measurement of
the (conditional) entanglement entropy is extremely chal-
lenging, as it requires a large number of experimental rep-
etitions that scales exponentially with the value of the en-
tropy. This exponential overhead is fundamental, limited
by the complexity of estimating an entropy [19, 20]. Fur-
thermore, for quantum dynamics with projective mea-
surements, there are additional multiplicative overhead
scaling exponentially with ∼ pNT , associated with the
post-selection of different measurement outcomes. This
is because the entanglement entropy needs to be evalu-
ated for individual trajectory of an open system dynam-
ics, and, in order to accumulate sufficient statistics for a
single trajectory, experiments need to be repeated over
at least ∼ qpNT times 4.
The transition in the KL divergence introduced in
Sec. III B can partially alleviate the exponential over-
head since its detection only requires a number of sam-
ples sufficient to discriminate two probability distribu-
tions without any post-selections and/or entanglement
measurements. While precisely computing the KL diver-
gence in general still requires exponentially many sam-
ples, we note that one can utilize other empirical meth-
ods such as Kolmogorov-Smirnov test [57] or evaluating
an estimator for cross entropy [58]. It remains open if
our phase transition can be faithfully identified by any
local observables, or by interferometric methods.
Another important consideration is the effect of im-
perfections in experiments. Common sources of the im-
perfections include imprecise implementations of unitary
evolutions, and dephasing or depolarization induced by
uncontrolled noise. In general, these types of errors can
be formulated as a quantum channel. Following the dis-
cussion in Sec. VI and Appendix B, it is straightforward
4 For this conservative estimate, we assumed that different mea-
surement outcomes are not correlated as expected in RUC.
to see that an uncontrolled quantum channel generally
leads to an explicit breaking of the permutation symme-
try in the spin model description and hinders the obser-
vation of a sharp phase transition. More specifically, for a
system of N qudits evolved for T time steps, the effects of
explicit symmetry breaking perturbations (experimental
imperfections) become significant when ηNT & O(N),
where η is the effective strength of perturbations for a
single qudit per time step obtained in the spin model
description. Under this condition, the strength of sym-
metry breaking perturbations arising from experimental
imperfections exceeds that of boundary conditions dis-
cussed in Sec. IV.
Finally, we note that the effects of experimental imper-
fections can be relatively more significant near the phase
transition point. In particular, the susceptibility to sym-
metry breaking perturbations is significantly enhanced
near the phase transition in our spin model descriptions
with n = 2 or n → 1. This feature suggests a novel
approach to characterize the amount of experimental im-
perfections by studying the phase transition or the lack
thereof in quantum systems of finite sizes.
C. Implications to the simulability of open system
dynamics
Quantum dynamics with area-law scaling entangle-
ment entropy can be often simulated using classical com-
puters. In particular, many-body wave functions of 1D
systems can be efficiently represented by MPS. There-
fore, the entanglement phase transition described in this
work may be also interpreted as a phase transition in the
simulability of an open system dynamics. Such interpre-
tation, however, requires additional considerations. For
simulations of quantum dynamics, it is necessary that
expectation values of observables can be approximated
within a given accuracy using an MPS with the bond
dimension that scales polynomially in the system size.
While this is guaranteed from area-law scaling Re´nyi-k
entropies with k < 1 [44, 45], it is not necessarily the case
for quantum states with area-law scaling von Neumann
or Re´nyi entropies with k ≥ 1. This is because, under
certain circumstances (see Ref. [45] for examples), small
Schmidt coefficients in the tail of an entanglement spec-
trum contribute significantly to evaluating an observable.
In many physical quantum states, however, the entangle-
ment spectra often follow well-known distributions, such
as the Boltzmann distribution [59–64], and an area-law
scaling von Neumann or Re´nyi-k entropy with k > 1
already provides pragmatic criteria for classical simula-
bility. Our numerical simulation results in Sec. V D sug-
gest that the phase transition in von Neumann entropy is
indeed accompanied by transitions in Re´nyi-k entropies
with k > 0. More quantitative analysis of the entangle-
ment spectra of quantum states resulting from chaotic
dynamics and projective measurements would be an in-
teresting future direction.
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We emphasize that while the area-law scaling entan-
glement is a sufficient condition for efficient simulations,
it is not necessary. In particular, we have seen in Sec. VI
that the phase transition (or its existence) sensitively de-
pends on the type of information extracted by the mea-
surements. By choosing a different measurement basis
(nonlocal or quasilocal), it may be possible to modify
the effective phase transition point such that quantum
states in typical trajectories exhibit area-law scaling of
entanglement even for p less than its critical value based
on na¨ıve local projections. Thus, our result does not rule
out the possibility that the volume-law phase can also be
efficiently simulated by appropriately sampling different
trajectories.
D. Outlook
Our work opens several new directions. We proposed
the KL divergence as a new measure to detect the entan-
glement phase transition. One intriguing future direction
is to find local observables that faithfully and efficiently
detect the phase transition. In case such observables do
not exist, designing an interferometric method to detect
the phase transition or providing a fundamental com-
plexity bound on the hardness of observing the transition
would be interesting.
Another intriguing direction is to establish quantita-
tive connections between quantum chaos and the entan-
glement phase transition. The analyses in Sec. VI and
Ref. [10] indicate that the stability of the volume-law en-
tangling phase is intimately related to the effective quan-
tum error corrections arising from information scram-
bling, which is a generic feature of chaotic many-body
dynamics. Quantifying the rate of information scram-
bling, for instance, by the critical probability or the rate
of quasilocal projective measurements may provide new
insight to quantum chaos from the perspective of infor-
mation theory. Indeed, it was previously demonstrated
that noninteracting particles or nonscrambling dynam-
ics of Bell pairs cannot exhibit stable volume-law en-
tangled phases, i.e., pc = 0 [11, 65]. It remains open
whether or not the phase transition can occur in non-
trivial integrable systems such as Bethe ansatz solvable
models or strongly disordered systems in many-body lo-
calized phases [63, 64, 66]. Alternatively, one may char-
acterize quantum chaos from the Kolmogorov-Sinai en-
tropy [67, 68] of measurement outcomes, which has been
widely used as a diagnostic of chaotic dynamics in clas-
sical settings.
Finally, our mapping technique in Sec. IV may pro-
vide a promising framework to analyze recently proposed
quantum supremacy test protocols [58, 69]. We expect
that, using classical spin model descriptions, one can ef-
ficiently evaluate the average discrepancy between sam-
pling distributions from an ideal RUC and from its exper-
imental realization as a function of the degree of various
imperfections. Such analysis would provide an estimate
to the maximum amount of imperfections that are toler-
able to demonstrate quantum supremacy under reason-
able conditions [69], or allow to characterize near-term
quantum devices [51–55].
Note – A related work appeared on the arXiv [70] in
parallel to ours. This work uses a different replica scheme
to map quantum circuits with projective measurements
to statistical mechanics models, which leads to results
consistent with ours.
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Appendix A: Details of the mapping to classical spin
models
1. Derivation of w
(n)
d
As discussed in the main text, contracting a pair of
diagonally neighboring σˆ and τˆ tensors leads to a weight
w
(n)
d (σ, τ) that depends on q and α. Using the TN rep-
resentation given in Fig. 12, a simple expression of w
(n)
d
can be written as:
w
(n)
d (σ, τ) =
∑
aba′b′
σˆabτˆa′b′M(n)ab,a′b′ , (A1)
where σˆab and τˆa′b′ denotes the rank-2n tensor in
Eq. (49) for a single qudit andM(n)ab,a′b′ denotes the ten-
sor associated with the contraction of ancilla degrees of
freedom. We note that M(n)ab,a′b′ vanishes unless a = a′
and b = b′ due to our choice Rˆα, which does not have
any off-diagonal element for system qudits in the com-
putational basis [Fig. 12(b)]. Hence, we simplify our no-
tation by using M(n)ab . For given indices ab, M(n)ab takes
the form
M(n)ab = tr
[
n∏
k=1
(
Nφ
[
ρ
(k)
akbk
])]
, (A2)
where ρ
(k)
akbk
is the k-th copy of the density matrix of
ancilla qudits defined as
ρ
(k)
akbk
≡ e−iXˆakα |0〉 〈0| eiXˆbkα. (A3)
We note that the subscript ak, bk ∈ {1, . . . q} (c.f. not
including 0) are indices for system qudits and do not refer
a matrix element, i.e., ρ
(k)
ak,bk
is a density matrix for an
ancilla by itself. The dephasing channel removes the off-
diagonal elements of ρ
(k)
akbk
: Nφ[ρ(k)akbk ] = cos2 α |0〉 〈0| +
(a)
h0|
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FIG. 12. Tensor network representation of the diagonal
weight w
(n)
d . (a) Every qudit is coupled to an ancilla qudit for
a weak measurement. The ancilla qudits undergo the dephas-
ing channel, Nφ, before contracted across different copies. (b)
Rearrangement of the tensor network representation. Note
that the diagrammatic representations of dephasing gates are
simple in the computational basis of ancilla qudits.
sin2 α δakbk |ak〉 〈ak|, leading to a simple expression
M(n)ab = cos2n α+ sin2n α
n∏
k=1
δbkak+1δakbk . (A4)
where an+1 ≡ a1, and the product of delta function is
nonvanishing unless all 2n indices take the same value.
Using this expression for M(n)ab , we obtain
w
(n)
d (σ, τ)
=
∑
ab
σˆabτˆab
(
cos2n α+ sin2n α
n∏
k=1
δakbk+1δakbk
)
= q#cycle(στ
−1) cos2n α+ q sin2n α. (A5)
In the second equality, the tensor contraction of σˆab and
τˆab can be represented by a disconnected TN that con-
sists of #cycle(στ−1) loops. Each loop contributes a fac-
tor of q to the summation and leads to
∑
ab σˆabτˆab =
q#cycle(στ
−1). Hence, we derive w
(n)
d in Eq. (52). Equa-
tion (34) can be obtained as a special case of n = 2. In
the limit α = 0, w
(n)
d = q
#cycle(στ−1) reduces to the result
in Ref. [4].
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2. Derivation of w¯(2)
In the case of n = 2, we have seen that the purity of a
subsystem maps to the partition function of the classical
Ising model on triangular lattice. Here, we derive and
explicitly present the three-body weight w¯(2)(σ1, σ2, σ3)
in Eq. (39) associated with three spin variables living on
the vertices of a lower facing triangle, where σ1, σ2, and
σ3 refer to the spin variables located at the top left, top
right, and bottom center of a triangle. The three-body
weight w¯(2)(σ1, σ2, σ3) is given by
w¯(2)(σ1, σ2, σ3) =
∑
τ=±1
w
(2)
d (σ1, τ)w
(2)
d (σ2, τ)w
(2)
g (σ3, τ).
(A6)
Using w
(2)
d in Eq. (34) and w
(2)
g in Eq. (32), we can de-
rive the full expression for w¯(2). Considering that w¯(2) is
symmetric with respect to the exchange of σ1 and σ2, i.e.,
w¯(2)(σ1, σ2, σ3) = w¯
(2)(σ2, σ1, σ3), and that it has Ising
symmetry, we only need to specify
w¯(2)(σ, σ, σ) =
(q2 cos4 α+ q sin4 α)2 − (cos4 α+ sin4 α)2
q4 − 1 ,
(A7)
w¯(2)(σ, σ, σ¯) =
(q cos4 α+ q sin4 α)2 − (q cos4 α+ sin4 α)2
q4 − 1 ,
(A8)
w¯(2)(σ, σ¯, σ) =
(q cos4 α+ sin4 α)(cos4 α+ sin4 α)
q2 + 1
,
(A9)
where σ¯ = −σ represents the negation of σ.
We notice that, unlike in the absence of measurements
studied in Ref. [4], w¯(2)(σ, σ, σ¯) 6= 0 for α > 0. We pro-
vide an explanation and discuss the implication of uni-
tarity in Appendix C.
3. Derivation of Ising couplings Jh and Jd
The three-body weight factorizes into pairwise contri-
butions in the presence of Ising symmetry. Here, we de-
rive the two-body Ising coupling Jh and Jd in Eq. (59).
In terms of Jh and Jd, w¯
(2) can be written as
w¯(2)(σ, σ, σ) = Ce−2Jd−Jh , (A10)
w¯(2)(σ, σ¯, σ) = CeJh , (A11)
w¯(2)(σ, σ, σ¯) = Ce−2Jd+Jh , (A12)
where C is a constant prefactor. Using the expressions
for w¯(2), we have
Jd =
1
4
log
(−u22/q2 + u21
u22 − u21/q2
)
, (A13)
Jh =
1
4
log
( (
u1u2(1− 1/q2)
)2
(u22 − u21/q2)(u21 − u22/q2)
)
, (A14)
where
u2 = q
2 cos4 α+ q sin4 α, (A15)
u1 = q cos
4 α+ q sin4 α. (A16)
Since u2 ≥ u1, we can explicitly show that Jd ≤ 0 is
ferromagnetic, Jh ≥ 0 is anti-ferromagnetic, and Jd +
Jh ≤ 0.
Using the explicit expressions for the Ising couplings,
we can analyze the phase transition in the spin model.
In the large q limit, Jd dominates over Jh for any given
α (i.e., |Jd|  |Jh|). The phase transition happens when
Jd ∼ O(1). For this reason, αc is close to pi/2, and
it’s reasonable to consider the physically interesting limit
q  1 and pi/2− α 1.
4. A sufficient condition for nonnegative weights
for n ≥ 3
In general, the negative weights in the expression of
the n-th moment cannot be eliminated for arbitrary q
and α by simply integrating out τ variables. Here, we
derive a sufficient condition [Eq. (54)] for the weights
being nonnegative, which allows the interpretation of the
n-th moment as the partition function of a classical spin
model.
After integrating out τ variables, the three-body
weight in our classical spin model takes the form
w¯(n)(σ1, σ2, σ3)
=
∑
τ∈Pn
w
(n)
d (σ1, τ)w
(n)
d (σ2, τ)w
(n)
g (σ3τ
−1; q2). (A17)
Here, we simplify the notation by using w
(n)
g (σ3τ
−1; q2)
for Weingarten function instead of w
(n)
g (σ3, τ ; q
2) in the
main text as it only depends on σ3τ
−1. Also, we will
often omit the dependence on q2. An exact formula for
w
(n)
g is known [25, 28–32]
w(n)g (σ; d) =
1
n!
∑
λ`n
`(λ)≤d
dλ
J (1)λ (1d)
χλ(σ), (A18)
where λ denotes a partition of n elements and labels
the irreducible representation (irrep) of the permutation
group Pn, `(λ) is the length of the partition λ, χλ is the
character of the irrep λ, dλ is the dimension of the irrep
λ, and J (1)λ is the Jack Polynomial given by
J (1)λ (1d) =
`(λ)∏
j=1
Γ(λj + d− j + 1)
Γ(d− j + 1) . (A19)
In this paper, we are generally interested in the large q
behavior in the model and consider the case d = q2 > n.
We can therefore ignore the criterion `(λ) ≤ d in the
summation.
25
The three-body weight w¯(n) can be negative owing to
the existence of negative characters that appear in w
(n)
g .
Here, we provide a lower bound of w¯(n) and show that the
lower bound becomes positive in a certain limit of q and
α. The key idea is to realize that the leading order term
in Eq. (A17) is positive and parametrically larger than
the rest of the terms for a sufficiently large q and fixed
κ. More specifically, the summation in w¯(n) contains n!
terms, among which the term involving w
(n)
g (1; q2) > 0
provides the leading order contribution in the limit of a
large q and fixed κ. To start with, we have a lower bound
of the three-body weight:
w¯(n) >
(
u
(n)
1
)2
w(n)g (1)
− (n!− 1)
(
u(n)n
)2
max
σ 6=1
(
|w(n)g (σ)|
)
, (A20)
where u
(n)
m ≡ qm cos2n α+ q sin2n α. We note that u(n)m ≥
u
(n)
1 > 0.
Now, we provide a lower bound of w
(n)
g (1) and an up-
per bound of |w(n)g (σ)| for σ 6= 1. The lower bound
w(n)g (1) >
1
n!
∑
λ
d2λ
(q2 + n)n
=
1
(q2 + n)n
(A21)
is obtained by considering the upper bound of the Jack
Polynomial. In order to obtain the upper bound of
|w(n)g (σ)| with σ 6= 1, we first introduce Kλ = 1/J (1)λ (1d)
and utilize the orthogonality relation between characters∑
λ`n χλ(1)χλ(σ) = 0. We note that χλ(1) = dλ. Mul-
tiplying both sides of this equation by K1n/n! and sub-
tracting it from an expression for w
(n)
g (σ), we obtain
|w(n)g (σ)| =
1
n!
∣∣∣∣∣∑
λ`n
(Kλ −K1n)dλχλ(σ)
∣∣∣∣∣
≤ 1
n!
√∑
λ
(Kλ −K1n)2d2λ
∑
λ
χλ(σ)2
≤ 1
n!
max |Kλ −K1n |
√∑
λ
d2λ
∑
λ
χλ(σ)2
< max |Kλ −K1n |. (A22)
In the second line, we used the Cauchy-Schwarz inequal-
ity, and in the the forth line, we used the properties
of irreps of a finite group
∑
λ χλ(σ)
2 <
∑
λ d
2
λ = n!.
max |Kλ −K1n | has an upper bound
max |Kλ −K1n | < 1
(q2 − n)n −
1
(q2 + n)n
, (A23)
when q2 > n. Combining these bounds in Eqs. (A21),
(A22), and (A23) together and plugging them into
Eq. (A20), we obtain a lower bound
w¯(n) >
u21
(q2 + n)n
− n!
(
u2n
(q2 − n)n −
u2n
(q2 + n)n
)
.
(A24)
Finally, a sufficient condition of nonnegative
w¯(n)(σ1, σ2, σ3) for an arbitrary (σ1, σ2, σ3) can be
written as
1
n!
1
(1 + κ)2
>
(
q2 + n
q2 − n
)n
− 1. (A25)
When κ = qn−1 cot2n α is fixed and q  1, the leading
order on the right-hand side is 2n2/q2, and the inequality
can be satisfied for a sufficiently large but finite q. This
completes the proof that there exists a finite region of
(q, α) in which w¯(n) is nonnegative and the n-th moment
can be interpreted as the partition function of a classical
spin model.
Appendix B: Spin model for quantum relative
entropy
We provide detailed derivations of the spin model for
quantum relative entropy in Sec. VI.
1. Derivation of two-body weight
Here, we derive the two-body weight v
(n)
d in the spin
model description of the quantum relative entropy. Com-
pared to the derivation of w
(n)
d in Appendix A 1, the only
modification is the absence of the dephasing channel Nφ
applying to ancilla qudits. The two-body weight is writ-
ten as
v
(n)
d (σ, τ) =
∑
ab
σˆabτˆabM(n)Q,ab, (B1)
whereM(n)Q,ab is the tensor associate with the tensor con-
traction of ancilla density matrices in the case without
dephasing:
M(n)Q,ab = tr
(
n∏
k=1
ρ
(k)
akbk
)
=
n∏
k=1
(
cos2 α+ δbkak+1 sin
2 α
)
.
(B2)
An explicit expression for v
(n)
d can be obtained using
Eq. (49) and the expression for M(n)Q,ab above. We
should notice the two-body weight v
(n)
d does not re-
spect the permutation symmetry for any integer n ≥ 2.
This is manifested in both the mathematical expression
and diagrammatic representation of M(n)Q,ab. Diagram-
matically, without dephasing, n copies of ancilla den-
sity matrices are contracted by C(n) at the top illus-
trated in Fig. 5(a), which explicitly breaks the symme-
try Pn associated with the permutation of n replicated
Hilbert spaces. Mathematically, the permutation sym-
metry transformation maps σ, τ 7→ ξ1 ◦ σ ◦ ξ2, ξ1 ◦ τ ◦ ξ2
for any pair (ξ1, ξ2) ∈ Pn×Pn, and the invariance of v(n)d
requiresM(n)Q,ab =M(n)Q,ξ1(a)ξ−12 (b), which is generally not
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satisfied. Despite the absence of the symmetry, v
(n)
d has
interesting properties. Particularly, v
(n)
d has the maxi-
mally value qn when σ = τ = C(n). Furthermore, when
either σ or τ represents the cyclic permutation C(n), v(n)d
becomes independent of α and reduces to q#cycle(στ
−1),
which is the result for the spin model description of RUC
without measurements [4, 17].
Specifically, in the case of n = 2, v
(2)
d takes the form
v
(2)
d (+,+) = q
2 cos2 α+ q sin2 α, (B3)
v
(2)
d (+,−) = v(2)d (−,+) = q, (B4)
v
(2)
d (−,−) = q2. (B5)
2. Derivation of three-body weight
The negative weights in the second moment due to neg-
ative Weingarten functions can be eliminated by integrat-
ing out τ variables. Hence, we obtain a Ising spin model
on a triangular lattice with three-body interaction. The
three-body weights v¯(2)(σ1, σ2, σ3) associated with three
spins living on the vertices of lower-facing triangle can be
explicitly written down. Considering the symmetry of ex-
change σ1 and σ2, i.e., v¯
(2)(σ1, σ2, σ3) = v¯
(2)(σ2, σ1, σ3),
all the independent v¯(2) are written as
v¯(2)(+,+,+) =
(q2 cos2 α+ q sin2 α)2 − 1
q4 − 1 , (B6)
v¯(2)(+,+,−) = q
2 − (q cos2 α+ sin2 α)2
q4 − 1 , (B7)
v¯(2)(+,−,+) = q
3 cos2 α+ q2 sin2 α− q
q4 − 1 , (B8)
v¯(2)(+,−,−) = q
3 − q cos2 α− sin2 α
q4 − 1 , (B9)
v¯(2)(−,−,+) = 0, (B10)
v¯(2)(−,−,−) = 1. (B11)
The three-body weight v¯(2) is nonnegative, which allows
the interpretation of the second moment as the partition
function of classical Ising model on a triangular lattice.
Monte Carlo simulation in Fig. 10 is based on the Ising
spin model derived here. In this Ising spin model, we note
that the spin variable with σ = −1 is preferred. More
specifically, the average density of spins with σ = −1
is strictly increasing towards the bottom boundary (as
t decreases). In the thermaldynamic limit T → ∞, the
spin at the bottom layer will polarize to σ = −1, which
implies 〈m−1 〉 = 1.
Similar to the Ising spin model, in the generalized spin
model with n! internal states, the cyclic permutation C(n)
is preferred, and spins in the bottom layer are polar-
ized to C(n) in the thermodynamic limit, which leads to
〈m↓1〉 = 1.
Appendix C: Implication of unitarity in classical
spin models
The presence of weak measurements leads to a sig-
nificant difference between weights from our mapping
to spin models and those in Ref. [4]. In what fol-
lows, we show that, in the absence of measurements,
the three-body weight satisfies a special property that
w¯(n)(σ, σ, σ′) = δσσ′ when q2 ≥ n. We note that this
property is explicitly shown in Ref. [4] for a special case
n = 2 without measurements. This property is a con-
sequence of the unitarity of the RUC and generally not
satisfied in the presence of measurements.
The three-body weight w¯(n)(σ, σ, σ′) for three spins liv-
ing on the vertices of lower-facing triangle can be written
as
w¯(n)(σ, σ, σ′) =
∑
τ∈Pn
w
(n)
d (σ, τ ; q)
2w(n)g (τ, σ
′; q2), (C1)
where we put the explicit q dependence in w
(n)
d and
w
(n)
g . In the case without measurements, w
(n)
d (σ, τ ; q) =
q#cycle(στ
−1), the three-body weight reduces to
w¯(n)(σ, σ, σ′) =
∑
τ∈Pn
(
q2
)#cycle(στ−1)
w(n)g (τ, σ
′; q2).
(C2)
We notice that the Weingarten function w
(n)
g (σ, τ ; d) can
be interpreted as a matrix with two indices σ and τ run-
ning over n! elements of Pn when d ≥ n. A simple ex-
pression is written as [71]:
w(n)g (σ, τ ; d) =
(
M−1(d)
)
στ
, (d ≥ n) (C3)
where the matrix (M(d))στ ≡ d#cycle(στ−1). Hence, the
unitarity leads to the property of w¯(n):
w¯(n)(σ, σ, σ′) =
∑
τ∈Pn
(
q2
)#cycle(στ−1)(
M−1(q2)
)
τσ′ ,
= δσσ′ . (C4)
In our model, weak measurements explicitly break the
unitarity, and this property does not hold.
Appendix D: Duality in standard Potts models
The phase transition point of the 2D standard Potts
model on square lattice given by Eq. (64) is known to be
exactly solvable using the Kramers-Wannier duality [33,
34]. Here, we briefly review the duality and derive the
phase transition point.
In the low temperature limit, J < 0 and |J |  1,
we can perform the low temperature expansion of the
partition function Z = exp(−βHPotts):
Z = Qe−2NsqJ[1 + e4JNsq(Q− 1) + 2e6JNsq(Q− 1)
+ 2e7JNsq(Q− 1)(Q− 2) + O(e8J)
]
, (D1)
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where Nsq is the total number of sites on the square lat-
tice, the Potts model contains Q = n! local degrees of
freedom.
In the high temperature limit, |J |  1, we can perform
the high temperature expansion of the partition function:
Z =
∑
{σi}
∏
〈i,j〉
(
1 + κδσi,σj
)
=
∑
{σi}
∏
〈i,j〉
(
1 + rQs(σi, σj)
1− r
)
=
QNsq
(1− r)2Nsq
[
1 + r4Nsq(Q− 1) + 2r6Nsq(Q− 1)
+ 2r7Nsq(Q− 1)(Q− 2) + O(r8)
]
, (D2)
where we recall that κ = e−J − 1, the small parameter
r ≡ κ/(Q+ κ) and s(σi, σj) ≡ δσiσj − 1/Q.
A duality is observed in the low and high temperature
expansion. This connects the partition function at high
and low temperature through the relation eJ = r:
1
κ˜+ 1
=
κ
Q+ κ
. (D3)
where κ and κ˜ parameterize the high and low tempera-
ture expansion. The phase transition point, where the
free energy exhibits a singular behavior, satisfies the self-
dual relation κ˜ = κ. Hence, the transition point κc is
given by
κc =
√
Q. (D4)
At Q = 2, the result reduces to the well-known Kramers-
Wannier duality in 2D classical Ising model on a square
lattice.
Appendix E: Monte-Carlo simulation of the
transition in F (2)
We present the numeric simulation of the phase tran-
sition using the Monte-Carlo algorithm. Here, we focus
on the case of n = 2, where the second divergence and
Fisher information have an Ising spin model description.
In the spin model description, the second Fisher infor-
mation F (2) is given by the density of σ = −1 spins at
the bottom through the relation F (2) = 2〈m−1 〉.
In Fig. 13, we show 〈m−1 〉 as a function of time for
various measurement strengths α computed from Monte-
Carlo simulations. 〈m−1 〉 generally grows at early time,
indicating that the measurement device gains more infor-
mation about the initial state. As T is further increased,
〈m−1 〉 eventually saturates to a value determined by α and
q. When α > α
(2)
c , 〈m−1 〉 saturates to 1/2, which implies
the equal numbers of σ = ±1 spins at the bottom, corre-
sponding to the paramagnetic phase. In contrast, when
α < α
(2)
c , the saturation value of 〈m−1 〉 is less than 1/2,
implying long range correlations between spin variables
at top and bottom boundaries. This phase corresponds
to the ferromagnetic phase.
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FIG. 13. Density of spins with σ = −1 in the bottom layer
〈m−1 〉 as a function of time T . Different curves represent
different measurement strength α given on the right. The
Monte-Carlo simulation is done with q = 2, N = 32. The
data is averaged over 72000 Monte-Carlo samples.
101 103 105
0
/6
/3
/2
Ferromagnetic
Paramagnetic
10 -2
10 -1
FIG. 14. Phase diagram of the transition in the second Fisher
information F (2), a proxy of the ability of the measurements
to distinguish between two different initial states. Horizontal
and vertical axes represent q and α, respectively. The gray
line represents the exact solution of critical point in the clas-
sical Ising model in Eq. (61). The color-coded background
displays the density of spins with σ = −1 in the bottom layer
〈m−1 〉. The simulation is done in a system of N = 20, T = 40.
Figure 14 shows the phase diagram of the transition
in the second Fisher information F (2) as a function of α
and q. Two distinct phases are seen in the color-coded
background representing 〈m−1 〉. Large α and small q cor-
respond to the high temperature limit in the classical
Ising model and lead to the paramagnetic phase. On
the contrary, small α and large q correspond to the low
temperature limit and lead to the ferromagnetic phase.
We find that the phase boundary between two phases
matches with the exact solution of critical point in clas-
sical Ising model in Eq. (61) as expected.
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Appendix F: Exact Numeric simulation for the
entanglement phase transition
1. Algorithm
Here, we provide the details of the numerical simu-
lations presented in Sec. V. In order to efficiently store
exact many-body wavefunctions for as large as N = 30
qubits, we leverage the fact that a fraction of qudits are
disentangled in every time step. More specifically, we de-
fine a single discrete time step at even (odd) time t as
the applications of nearest neighboring two-qubit unitary
gates at site i and i+1 for every even (odd) i and the pro-
jective measurement of each qubit in the computational
basis with probability p. The measurement outcomes are
probabilistically determined according to the Born rules,
and the wavefunction is normalized after each measure-
ment. At any given time t, on average pN qubits are pro-
jected and remain disentangled from the rest of the sys-
tem. In our numerical algorithm, we only store the wave-
function for the entangled spins and separately keep track
of the configuration of the disentangled ones. In order to
simulate the time evolution, we update the many-body
wavefunction at every time step in the following way:
(1) generate N/2 (or N/2 − 1) random two-qubit gates
to apply and determine which qubits to measure projec-
tively, and (2) sequentially update the wavefunction by
applying a unitary gate at site i and i+1 followed by the
projection of the qubit(s) at i, i+1, or both, if necessary.
Crucially, our sequential update of the wavefunction and
the sampling of the projective measurement outcomes are
equilvalent to applying the entire unitary gates first and
then performing projective measurements, since different
unitary gates within a single time step have disjoint sup-
ports. The order of the sequential updates within a single
time step can be further optimized in order to minimize
the number of entangled spins during the time evolution.
Our simulation involves only even N with open boundary
conditions. Half chain entanglement entropies are com-
puted after time step t = 3N (or t = 3N − 1) when N/2
is even (odd), in order to minimize the even/odd effect
associated with the layout of our unitary circuits.
2. Finite size scaling
Here, we present the details of finite size scaling in
Sec. V D. We use the scaling ansatz proposed in Ref. [8]:
S(p, L)− S(pc, L) = g
(
(p− pc)N1/ν
)
. (F1)
The critical measurement probability pc and critical ex-
ponent ν are extracted by numerically optimizing the
quality function of data collapse introduced in Refs. [72,
73]:
K(pc, ν) =
1
N
∑
i,j
(yij − Yij)2
dy2ij + dY
2
ij
, (F2)
where i and j run over the set of measurement probabil-
ities and system sizes in the simulation, respectively. yij
and dyij are the data points S(pi, Lj)−S(pc, Lj) and its
error, Yij and dYij are the estimated value of the master
curve and its corresponding error. The master curve is
obtianed by linear fit with weighted least squares using
the data points nearby, and its error is obtained from
the fit as described in Ref. [73, 74]. Specifically, the op-
timization is done in the following way: (1) choose a
pc ∈ [0.2, 0.35] and compute S(pc, L) by polynomial fit-
ting of S(p,N) using the 7-th order polynomials; (2) find
ν that optimize to the quality function for the given pc,
which gives the corresponding minimum Kmin(pc); (3)
Find the global minimum of Kmin(pc) for pc ∈ [0.2, 0.35]
in order to extract the optimal pc and ν. The error bars of
pc and ν are estimated using the bootstrapping method.
More specifically, out of 15 measurement probabilities for
p ∈ [0.2, 0.35] in our simulation, we randomly choose 10
data points and perform the aforementioned finite size
scaling analysis to obtain pc and ν. We repeat the anal-
ysis for 100 times with independently randomly chosen
data points and use the standard deviation of pc and ν
as the estimated error bars.
Appendix G: The Fisher information for nonlocal
measurements
Here, we review the connection between the KMB
Fisher information and measurements in an optimal non-
local basis. The most general form of projective mea-
surement can be characterized by the positive-operator
valued measure (POVM) Π [1], which consists of a com-
plete set of observables {Πi} that need not be mutually
orthogonal. For a given Π, the measurement outcome
i is drawn from a probability distribution pΠi ≡ tr ρΠi.
Hence, analogous to local projective measurements, we
can compute the KL divergence
DΠ(θ) ≡
∑
i
pΠ0,i
(
log pΠ0,i − log pΠθ,i
)
, (G1)
where pΠθ,i = tr[ρθΠi] is the measurement probability dis-
tribution when the system is initialized in |Ψθ〉. We note
that our original simple local measurements in the main
text correspond to a special choice of Π that consists of
a set of (q′)NT projectors in the computational basis of
ancilla qudits. The amount of information carried in the
measurement outcomes is quantified by the Fisher infor-
mation
FΠ = ∂2θDΠ(θ)
∣∣∣
θ=0
. (G2)
Most importantly, the KMB Fisher information FKMB
provides an attainable upper bound to FΠ [24, 47–50]:
FKMB = max
Π
FΠ, (G3)
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where Π is optimized over all possible POVM. In our work, we compute FKMB averaged over unitary gates U ,
and the optimal Π for each U may not be the same.
